Bounded induction without parameters
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In the area of strong fragments of Peano arithmetic, it proved fruitful to study
not just the usual induction fragments IX;, but also fragments axiomatized by
parameter-free induction schemata
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where ¢ has no free variable other than x, and theories axiomatized using the
closely related induction inference rules
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See e.g. [6,1,2]; in particular, the last two papers detail the connection of induc-
tion rules and parameter-free schemata to reflection principles.

Induction rules and parameter-free induction schemata received much less
attention in bounded arithmetic literature. Kaye [5] discussed the parameter-
free fragments IFE, of IAg. In the framework of Buss’s theories, parameter-
free fragments were studied in passing by Bloch [3], but the first systematic
investigation of them was done by Cordén-Franco, Ferndndez-Margarit and Lara-
Martin [4], who proved, in particular, conservation results for Zf—induction rules
and parameter-free schemata.

This left unanswered many basic questions about the parameter-free frag-
ments. Most importantly, nothing has been published so far about IT?-induction
rules and parameter-free schemata, despite that they could be expected to behave
rather differently from X? rules by analogy with the case of strong fragments.

In this talk, we will have a closer look at some aspects of parameter-free and
inference rule versions of the theories T4 and Si: that is, X-IND~, II?-IND~,
XY INDE, II°-IND%, and the corresponding variants of PIND. We are particu-
larly interested in reductions (implications) between the fragments, conservation
results, results on the number of instances (nesting) of rules, and connections to
propositional reflection principles.

We will present a new witnessing theorem for (unbounded) V3VII?-conse-
quences and V3VII?, |-consequences of the theories T3 and Si, which is at the
heart of some of our conservation results.
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