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Abstract
We revisit the static dependency pair method for termination of higher-order term rewriting. In
this extended abstract, we propose a static dependency pair framework based on an extended
notion of computable dependency chains that harnesses the computability-based reasoning used
in the soundness proof of static dependency pairs. This allows us to propose a new termination
proving technique to use in combination with static DPs: the computable subterm criterion.
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1 Introduction


This paper deals with higher-order term rewriting with β-reduction and λ-abstractions. Here
a particular topic of interest is termination, the property that all (well-formed) terms have
only finite reductions. In the first-order setting, the Dependency Pair (DP) framework [8]
has proven to be an extremely successful foundation for automated termination analysis tools.
While several DP approaches (static [12, 14] and dynamic [13, 10]) exist for higher-order
rewriting, so far a general DP framework has been proposed only in the PhD thesis [9]. We
build on ideas from [2, 9] to propose such a DP framework, here specialised to static DPs, and
include a completely new processor which can offer a simple syntactic termination criterion.


2 Algebraic Functional Systems with Meta-variables


Henceforth, we shall assume familiarity with term rewriting, simple types and the λ-calculus.
We use a simplified version of Algebraic Functional Systems with Meta-variables (AFSMs)
that Kop [9] proposes to capture a number of higher-order rewrite formalisms (cf. [9, Ch. 3]).


We fix disjoint sets F of function symbols and V of variables, each symbol a equipped
with a type σ. We also fix a setM, disjoint from F and V , of meta-variables, each equipped
with a type declaration [σ1× · · · ×σk]→ τ (where τ and all σi are simple types). Meta-terms
are expressions s where s : σ can be derived for some type σ by the following clauses:


(V) x : σ if x : σ ∈ V (@) s t : τ if s : σ → τ and t : σ
(F) f : σ if f : σ ∈ F (Λ) λx.s : σ → τ if x : σ ∈ V and s : τ
(M) Z[s1, . . . , sk] : τ if Z : [σ1 × · · · × σk]→ τ ∈M and s1 : σ1, . . . , sk : σk


Terms are meta-terms without meta-variables, so derived without clause (M). Patterns are
meta-terms where all meta-variable occurrences have the form Z[x1, . . . , xk] with all xi
distinct variables. The λ binds variables as in the λ-calculus. Unbound variables are called
free, FV (s) is the set of free variables in s, and FMV (s) is the set of meta-variables occurring
in s. A meta-term s is closed if FV (s) = ∅. Meta-terms are considered modulo α-conversion.
Application (@) is left-associative; abstractions (Λ) extend as far to the right as possible. A
meta-term s has type σ if s : σ; it has base type if σ ∈ S, the set of sorts. A meta-term s has
a sub-meta-term t (subterm if t is a term), written sD t, if (a) s = t, (b) s = λx.s′ and s′ D t,
(c) s = s1 s2 and s1 D t or s2 D t, or (d) s = Z[s1, . . . , sk] and some si D t.
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A meta-substitution is a type-preserving function γ from variables and meta-variables to
meta-terms; if Z : [σ1×· · ·×σk]→ τ then γ(Z) has the form λy1 . . . yk.u : σ1 → . . .→ σk → τ .
Let dom(γ) = {x ∈ V | γ(x) 6= x} ∪ {Z ∈ M | γ(Z) 6= λy1 . . . yk.Z[y1, . . . , yk]} (the domain
of γ). We let [b1 := s1, . . . , bn := sn] be the meta-substitution γ with γ(bi) = si, γ(z) = z


for z ∈ V \ {~b}, and γ(Z) = λy1 . . . yk.Z[y1, . . . , yk] for Z ∈ M \ {~b}. A substitution is a
meta-substitution mapping everything in its domain to terms. The result sγ of applying a
meta-substitution γ to a meta-term s is obtained recursively (with implicit α-conversion):


xγ = γ(x) if x ∈ V (s t)γ = (sγ) (tγ)
fγ = f if f ∈ F (λx.s)γ = λx.(sγ) if γ(x) = x ∧ x /∈ FV (sγ)
Z[s1, . . . , sk]γ = t[x1 := s1γ, . . . , xk := skγ] if γ(Z) = λx1 . . . xk.t


Essentially, applying a meta-substitution with meta-variables in its domain combines a sub-
stitution with a β-development, e.g.,X[nil, 0][X := λx.plus (len x)] equals plus (len nil) 0.


A rule is a pair `⇒ r of closed meta-terms of the same type both in β-normal form with
` a pattern of the form f `1 · · · `n with f ∈ F , and FMV (r) ⊆ FMV (`). A set of rules R
induces a rewrite relation ⇒R as the smallest monotonic relation on terms that includes
β-reduction (denoted as ⇒β) and has `δ ⇒R rδ whenever `⇒ r ∈ R and δ is a substitution
on domain FMV (`). Rewriting is allowed at any position of a term, even below a λ. R is
terminating if there is no infinite reduction s0 ⇒R s1 ⇒R . . . . The set D ⊆ F of defined
symbols consists of those f ∈ F such that a rule f `1 · · · `n ⇒ r exists.


An AFSM is a pair (F ,R); types of (meta-)variables can be derived from context.


I Example 1 (Ordinal recursion). Let F contain at least 0 : ord, s : ord→ord, lim : (nat→
ord)→ ord for ordinals, zero : nat, succ : nat→ nat for N, and the symbol rec : ord→
nat→ (ord→ nat→ nat)→ ((nat → ord) → (nat → nat) → nat) → nat}. Let R be:


rec 0 K F G ⇒ K, rec (s X) K F G⇒ F X (rec X K F G),
rec (lim H) K F G ⇒ G H (λm.rec (H m) K F G)


Then rec (s 0) zero (λvz.z) (λxy.zero)⇒R (λvz.z) 0 (rec 0 zero (λvz.z) (λxy.zero))⇒β


(λz.z) (rec 0 zero (λvz.z) (λxy.zero))⇒β rec 0 zero (λvz.z) (λxy.zero)⇒R zero.


3 Computability


A common technique in higher-order termination is Tait and Girard’s computability notion [15].
There are several ways to define computability predicates; here we follow, e.g., [1, 3, 4, 5] in
considering accessible meta-variables using a form of the computability closure [3]:


I Definition 2 (Accessible arguments). We fix a quasi-ordering �S on the set of sorts (base
types) S with well-founded strict part �S := �S \ �S . For σ ≡ σ1 → . . .→ σm → κ (with
κ ∈ S) and sort ι, let ι �S+ σ if ι �S κ and each ι �S− σi, and let ι �S− σ if ι �S κ and each
ι �S+ σi. (The relation ι �S+ σ corresponds to “ι occurs only positively in σ” in [1, 4, 5].)


For f : σ1 → . . . → σm → ι ∈ F , let Acc(f) = {i | 1 ≤ i ≤ m ∧ ι �S+ σi}. For
x : σ1 → . . .→ σm → ι ∈ V , let Acc(x) = {i | 1 ≤ i ≤ m∧σi has the form τ1 → . . .→ τn → κ


for some n ∈ N with ι �S κ}. We write sDacc t if either s = t, or s = λx.s′ and s′ Dacc t, or
s = a s1 · · · sn with a ∈ F ∪ V and si Dacc t for some i ∈ Acc(a).


I Theorem 3 (R-computability). For R a set of rules, there exists a predicate “R-computable”
on terms which satisfies the following properties:


s : σ → τ is R-computable iff s t is R-computable whenever t : σ is R-computable;
s : ι for ι a sort is R-computable iff (1) s is terminating under ⇒R ∪VI and (2) if s⇒∗R
f s1 · · · sm then si is R-computable for all i ∈ Acc(f). Here, f s1 · · · sm VI si t1 · · · tn if
both sides have (possibly different) base types, i ∈ Acc(f), and all tj are R-computable.
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The above notion of computability is adapted from [1, 3, 4, 5] to account for AFSMs.
It is an instance of a strong computability predicate following [11], identified by a syntactic
criterion. This instance gives a more liberal restriction (in our Def. 9) than their default
predicate SC , which is directly used to define the “plain function passing” criterion in [12, 14].


I Example 4. Consider a quasi-ordering �S such that ord �S nat. In Ex. 1, we then have
ord �S+ nat→ ord. Therefore, 1 ∈ Acc(lim), which gives lim H Dacc H.


4 Static DPs for Accessible Function Passing AFSMs


We will adapt static DPs to our AFSM formalism and propose an alternative applicability
criterion. Similar to DPs in the first-order setting, static DPs employ marked symbols:


I Definition 5 (Marked symbols, DPs). Define F ] := F ] {f] : σ | f : σ ∈ D}. For a
meta-term s, let s] := f] s1 · · · sk if s = f s1 · · · sk with f ∈ D; let s] := s otherwise. A DP
is a pair `V p where ` is a closed pattern f `1 · · · `m, p is a meta-term g p1 · · · pk, and both
` and p are β-normal and have (possibly different) base types.


The original static approaches define DPs as pairs `] V p] with ` ⇒ r a rule and p a
subterm g p1 · · · pk of r (their rules use terms, not meta-terms). This can set bound variables
from r free in p. Here, we replace such variables by meta-variables. (So our “variables” mimic
(λ-)bound variables in functional programming, and our “meta-variables” free variables.)


I Definition 6 (SDP). For a meta-term s, metafy(s) denotes s with all free variables replaced
by corresponding fresh meta-variables. For an AFSM (F ,R), SDP(R) = {`] V metafy(p]) |
`⇒ r ∈ R ∧ r D p ∧ ` and p have base types ∧ p has the form g p1 · · · pk for some g ∈ D}.


Right-hand sides of static DPs may contain meta-variables that do not occur on the left:


I Example 7. For Ex. 1, we obtain SDP(R) = {rec] (s X) K F G V rec] X K F G,


rec] (lim H) K F GV rec] (H M) K F G}.


Dependency chains capture sequences of function calls, similar to the first-order setting:


I Definition 8 (Dependency chain, minimal chain). Let P be a set of DPs and R be a set
of rules. A (finite or infinite) (P,R)-dependency chain (or just (P,R)-chain) is a sequence
[(ρ0, s0, t0), (ρ1, s1, t1), . . .] where each ρi ∈ P and all si, ti are terms, such that for all i:
1. if ρi = `i V pi, then there exists a substitution γ on domain FMV (`i) ∪ FMV (pi) such


that si = `iγ and ti = piγ; and
2. we can write ti = f u1 · · ·un with f ∈ F ], si+1 = f w1 · · ·wn and each uj ⇒∗R wj .
A (P,R)-chain is minimal if the strict subterms of all ti are terminating under ⇒R.


Static DPs are sound if the AFSM’s rules are accessible function passing (AFP). Intuitively:
meta-variables of a higher type may occur only in “safe” places in the left-hand sides of rules.


I Definition 9 (Accessible function passing). An AFSM (F ,R) is accessible function passing
(AFP) if there exists a sort ordering �S following Def. 2 such that:


all function symbols f are fully applied in R, i.e., they occur only with the maximum
number of arguments permitted by their type;
for all f `1 · · · `m ⇒ r ∈ R and all Z ∈ FMV (r): there are some variables x1, . . . , xk and
some i such that `i Dacc Z[x1, . . . , xk].


This definition is strictly more liberal than the notions of plain function passing in [12, 14]
as adapted to AFSMs; this lets us handle examples like ordinal recursion (Ex. 1) not covered by
[12, 14]. However, [12, 14] consider a different formalism, with polymorphism and rules whose
left-hand side is not a pattern. Our restriction is closer to the “admissible” rules in [2], which
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are defined using a pattern computability closure [1]. It is also an instance of the ATRFP no-
tion [11], which is parametrised by a strong computability predicate and accessibility relation.


I Example 10. The AFSM from Ex. 1 is AFP because of the sort ordering ord �S nat (see
also Ex. 4), yet it is not plain function passing following [14].


I Theorem 11. If (F ,R) is non-terminating and AFP, then there is an infinite minimal
(SDP(R),R)-chain.


This theorem corresponds to results in [2, 11, 12], but imposes a different admissibility
restriction: our notion is strictly more liberal than the syntactic criterion in [12], is likely
less liberal than the semantic restriction in [11] (although we could not find an example that
is ATRFP but not AFP), and mostly (although not entirely) implies the restriction in [2].


The computability inherent in dependency chains using SDP lets us strengthen Thm. 11:
rather than considering minimal chains, we require (some) subterms of all ti to be computable:


I Definition 12. A (P,R)-chain [(`0 V p0, s0, t0), (`1 V p1, s1, t1), . . . ] is U-computable for a
set of rules U if⇒U ⊇ ⇒R, for all i there exists a substitution γi with si = `iγi and ti = piγi,
and (λx1 . . . xn.v)γi is U-computable for all v such that pi D v and FV (v) = {x1, . . . , xn}.


I Theorem 13. (a) If an AFSM (F ,R) is non-terminating and AFP, then there is an
infinite R-computable (SDP(R),R)-chain. (b) Every U-computable (P,R)-chain is minimal.


This theorem does not have a true counterpart in the literature. The main result of
[11] does require the immediate arguments of each si, ti to be computable, but not other
sub-metaterms. Note that the reverse of (a) does not hold; terminating AFSMs R with
infinite R-computable (SDP(R),R)-chains do exist [7, Ex. 3.23 (report version 1)].


5 Static DP Framework & Computable Subterm Criterion Processor


The static DP framework follows the first-order DP framework [8], as an extendable framework
for proving termination where new termination methods can easily be added as processors.
In Thm. 16, we will propose a new processor: the computable subterm criterion.


Thus far, we have reduced the problem of termination to the non-existence of certain
chains. Following the first-order DP framework, we formalise this further via DP problems:


I Definition 14 (DP problem). A DP problem is a tuple (P,R,m) with P a set of DPs,
R a set of rules, and m ∈ {minimal, arbitrary} ∪ {computableU | U a set of rules}. A DP
problem (P,R,m) is finite if there exists no infinite (P,R)-chain that is U-computable if
m = computableU or minimal if m = minimal. For the different levels of permissiveness, we
use a transitive-reflexive relation � generated by computableU � minimal � arbitrary.


Thm. 13 now becomes: an AFSM (F ,R) is terminating if (but not only if) it is AFP and
(SDP(R),R, computableR) is finite. We add a flag value computableR over the first-order
framework for chains with computability restrictions. The core idea of the DP framework is
to simplify a set of DP problems stepwise via processors until nothing remains to be proved:


I Definition 15 (Processor). A dependency pair processor (or just processor) is a function
that takes a DP problem and returns a set of DP problems. A processor Proc is sound if a
DP problem M is finite whenever all elements of Proc(M) are finite.


To prove finiteness of a DP problem M : (1) let A := {M}; (2) while A 6= ∅: select a
Q ∈ A and a sound processor Proc, let A := (A \ {Q}) ∪ Proc(Q). If this terminates, M
is a finite DP problem. Many processors are possible; here we present an extension of the
subterm criterion [12, 10, 11], dubbed computable subterm criterion, that needs the new flag.
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I Theorem 16 (Computable subterm criterion processor). Let M = (P1 ]P2,R, computableU )
be a DP problem. A projection function ν maps meta-terms to natural numbers such that
for all DPs `V p ∈ P1 ] P2, the function ν with ν(f s1 · · · sm) = sν(f) is well-defined for `
and p. For meta-terms s and t of base types, we define s A t if s 6= t and (a) sDacc t or (b)
there exists a meta-variable Z with sDacc Z[x1, . . . , xk] and t = Z[t1, . . . , tk] s1 · · · sn. Then
the processor Proccompsub that maps M to {(P2,R, computableU )} is sound if a projection
function ν exists with ν(`) A ν(p) for all `V p ∈ P1 and ν(`) = ν(p) for all `V p ∈ P2.


I Example 17. R from Ex. 1 is terminating if (P,R, computableR) with P = SDP(R) is
finite (see Ex. 7). Consider the projection function ν with ν(rec]) = 1. As s X Dacc X and
lim H Dacc H, we have s X A X and lim H A H M . So Proccompsub(P,R, computableR) =
{(∅,R, computableR)}. As there are no DPs left, this implies termination of the original R.


6 Conclusion


We have extended the static DP method by a more relaxed applicability criterion and the
new computable subterm criterion. The full version [7] of the paper has proofs and further
extensions, such as formative reductions [6, 10], applications to proving non-termination,
and dynamic DPs [10] in a unified DP framework with many other processors.
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\DeclareOption{twoside}{\@latexerr{\lipics@opterrshort}{\lipics@opterrlong}}
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                                     {-3.25ex\@plus -1ex \@minus -.2ex}%
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\setlength\leftmarginvi {1.2em}
\renewcommand\labelenumi{%
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\renewcommand\labelenumiii{%
  \textcolor{darkgray}{\sffamily\bfseries\mathversion{bold}\theenumiii.}}
\renewcommand\labelenumiv{%
  \textcolor{darkgray}{\sffamily\bfseries\mathversion{bold}\theenumiv.}}
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\renewcommand\labelitemii{%
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\renewcommand\labelitemiii{%
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\renewcommand\labelitemiv{%
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\renewenvironment{description}
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   \@afterindenttrue
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   \fi
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     \normalsize\sffamily\bfseries\refname}}%
   \@xsect{1ex \@plus.2ex}%
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  {\def\@noitemerr
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\renewcommand\@makefntext[1]{%
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    \hb@xt@1em{\@makefnmark\hss}#1}
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\RequirePackage[mathscr]{eucal}
\RequirePackage{amssymb}
\RequirePackage{soul}
\sodef\textsolittle{}{.12em}{.5em\@plus.08em\@minus.06em}%
        {.4em\@plus.275em\@minus.183em}
\RequirePackage{color}
\definecolor{darkgray}{rgb}{0.31,0.31,0.33}
\RequirePackage{babel}
\RequirePackage[tbtags,fleqn]{amsmath}
\RequirePackage{amsthm}
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  \textcolor{darkgray}{$\blacktriangleright$}\nobreakspace\sffamily\bfseries}
\def\th@remark{%
  \thm@headfont{%
    \textcolor{darkgray}{$\blacktriangleright$}\nobreakspace\sffamily}%
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  \thm@preskip\topsep \divide\thm@preskip\tw@
  \thm@postskip\thm@preskip
}
\def\@endtheorem{\endtrivlist}%\@endpefalse
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\renewenvironment{proof}[1][\proofname]{\par
  \pushQED{\qed}%
  \normalfont \topsep6\p@\@plus6\p@\relax
  \trivlist
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        \color{darkgray}\sffamily\bfseries
    #1\@addpunct{.}]\ignorespaces
}{%
  \popQED\endtrivlist%\@endpefalse
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\newtheorem{lemma}[theorem]{Lemma}
\newtheorem{corollary}[theorem]{Corollary}
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\newtheorem{definition}[theorem]{Definition}
\newtheorem{example}[theorem]{Example}
\theoremstyle{remark}
\newtheorem*{remark}{Remark}
\ifx\numberwithinsect\relax
  \@addtoreset{theorem}{section}
  \edef\thetheorem{\expandafter\noexpand\thesection\@thmcountersep\@thmcounter{theorem}}
\fi
\RequirePackage{graphicx}
\RequirePackage{array}
\let\@classzold\@classz
\def\@classz{%
   \expandafter\ifx\d@llarbegin\begingroup
     \toks \count@ =
     \expandafter{\expandafter\small\the\toks\count@}%
   \fi
   \@classzold}
\RequirePackage{multirow}
\RequirePackage{tabularx}
\RequirePackage[online]{threeparttable}
\def\TPTtagStyle#1{#1)}
\def\tablenotes{\small\TPT@defaults
  \@ifnextchar[\TPT@setuptnotes\TPTdoTablenotes} % ]
\RequirePackage{listings}
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        backgroundcolor=\color[rgb]{0.85,0.85,0.86},%
        frame=single,framerule=0pt,xleftmargin=\fboxsep,xrightmargin=\fboxsep}
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\IfFileExists{doi.sty}
  {\RequirePackage{doi}%
   \renewcommand*{\doitext}{}}
  {\RequirePackage{hyperref}%
   \def\doi##1{##1}}
\hypersetup{pdfborder={0 0 0}}
\RequirePackage[labelsep=space,singlelinecheck=false,%
  font={up,small},labelfont={sf,bf},%
  listof=false]{caption}%"listof" instead of "list" for backward compatibility
\@ifpackagelater{hyperref}{2009/12/09}
  {\captionsetup{compatibility=false}}%cf. http://groups.google.de/group/comp.text.tex/browse_thread/thread/db9310eb540fbbd8/42e30f3b7b3aa17a?lnk=raot
  {}
\DeclareCaptionLabelFormat{boxed}{%
  \kern0.05em{\color[rgb]{0.99,0.78,0.07}\rule{0.73em}{0.73em}}%
  \hspace*{0.67em}\bothIfFirst{#1}{~}#2}
\captionsetup{labelformat=boxed}
\captionsetup[table]{position=top}
\RequirePackage[figuresright]{rotating}
\RequirePackage{subcaption} % subfig
\def\titlerunning#1{\gdef\@titlerunning{{\let\footnote\@gobble\markboth{#1}{#1}}}}
\def\authorrunning#1{%
  \gdef\@authorrunning{\expandafter\def\expandafter\@tempa\expandafter{#1}%
                       \ifx\@tempa\@empty\else\markright{#1}\fi}}
\titlerunning{\@title}
\authorrunning{\AB@authrunning}
\RequirePackage{authblk}
\renewcommand*\Authand{{ and }}
\renewcommand*\Authfont{\Large\bfseries\mathversion{bold}}
\renewcommand*\AB@authnote[1]{\textsuperscript{#1}}
\renewcommand*\AB@affilnote[1]{\protect\item[#1]}
\renewcommand*\Affilfont{\fontsize{9.5}{12}\selectfont}
\setlength\affilsep{\baselineskip}
\newcommand\AB@authrunning{}
\newcommand\AB@authfortoc{}
\renewcommand\author[2][]%
      {\ifnewaffil\addtocounter{affil}{1}%
       \edef\AB@thenote{\arabic{affil}}\fi
      \if\relax#1\relax\def\AB@note{\AB@thenote}\else\def\AB@note{#1}%
        \setcounter{Maxaffil}{0}\fi
      \ifnum\value{authors}>1\relax
      \@namedef{@sep\number\c@authors}{\Authsep}\fi
      \addtocounter{authors}{1}%
      \begingroup
          \let\protect\@unexpandable@protect \let\and\AB@pand
          \def\thanks{\protect\thanks}\def\footnote{\protect\footnote}%
         \@temptokena=\expandafter{\AB@authors}%
         {\def\\{\protect\\[\@affilsep]\protect\Affilfont
              \protect\AB@resetsep}%
              \xdef\AB@author{\AB@blk@and#2}%
       \ifnewaffil\gdef\AB@las{}\gdef\AB@lasx{\protect\Authand}\gdef\AB@as{}%
           \xdef\AB@authors{\the\@temptokena\AB@blk@and}%
       \else
          \xdef\AB@authors{\the\@temptokena\AB@as\AB@au@str}%
          \global\let\AB@las\AB@lasx\gdef\AB@lasx{\protect\Authands}%
          \gdef\AB@as{\Authsep}%
       \fi
       \gdef\AB@au@str{#2}}%
         \@temptokena=\expandafter{\AB@authlist}%
         \let\\=\authorcr
         \xdef\AB@authlist{\the\@temptokena
           \protect\@nameuse{@sep\number\c@authors}%
           \protect\Authfont#2\AB@authnote{\AB@note}}%
         %new
         \@temptokena=\expandafter{\AB@authrunning}%
         \let\\=\authorcr
         \xdef\AB@authrunning{\the\@temptokena
           \protect\@nameuse{@sep\number\c@authors}#2}%
         %
         %new
         \@temptokena=\expandafter{\AB@authfortoc}%
         \let\\=\authorcr
         \xdef\AB@authfortoc{\the\@temptokena
           \expandafter\noexpand\csname @sep\number\c@authors\endcsname#2}%
         %
      \endgroup
      \ifnum\value{authors}>2\relax
      \@namedef{@sep\number\c@authors}{\Authands}\fi
      \newaffilfalse
}
\renewcommand\affil[2][]%
   {\newaffiltrue\let\AB@blk@and\AB@pand
      \if\relax#1\relax\def\AB@note{\AB@thenote}\else\def\AB@note{#1}%
        \setcounter{Maxaffil}{0}\fi
      \begingroup
        \let\protect\@unexpandable@protect
        \def\thanks{\protect\thanks}\def\footnote{\protect\footnote}%
        \@temptokena=\expandafter{\AB@authors}%
        {\def\\{\protect\\\protect\Affilfont}\xdef\AB@temp{#2}}%
         \xdef\AB@authors{\the\@temptokena\AB@las\AB@au@str
         \protect\\[\affilsep]\protect\Affilfont\AB@temp}%
         \gdef\AB@las{}\gdef\AB@au@str{}%
        {\xdef\AB@temp{#2}}%
        \@temptokena=\expandafter{\AB@affillist}%
        \xdef\AB@affillist{\the\@temptokena \AB@affilsep
          \AB@affilnote{\AB@note}\protect\Affilfont\AB@temp}%
      \endgroup
       \let\AB@affilsep\AB@affilsepx}
\renewcommand\@author{\ifx\AB@affillist\AB@empty\AB@authrunning\else
      \ifnum\value{affil}>\value{Maxaffil}\def\rlap##1{##1}%
    \AB@authlist\\[\affilsep]
    \labelwidth1.5em\labelsep\z@\leftmargini\labelwidth
    \edef\@enumctr{enumi}%
    \list\theenumi{\usecounter\@enumctr\def\makelabel##1{\rlap{##1}\hss}}%
      \AB@affillist
    \endlist
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  \def\@Copyright{%
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\Copyright{\@empty}
\def\keywords#1{\def\@keywords{#1}}
\let\@keywords\@empty
\def\keywordsHeading{%
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                       Keywords and phrases\enskip}}
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\def\DOI#1{\gdef\@DOI{#1}}
\DOI{}
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\newcommand{\Fappend}{\sym{append}}
\newcommand{\Fcons}{\sym{cons}}
\newcommand{\Fnil}{\sym{nil}}

\newcommand{\Ff}{\sym{f}}
\newcommand{\Fg}{\sym{g}}
\newcommand{\Fs}{\sym{s}}
\newcommand{\Fz}{\sym{0}}
\newcommand{\Fplus}{\sym{plus}}
\newcommand{\Fdouble}{\sym{double}}
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\newcommand{\tool}[1]{\textsf{#1}}

\newcommand{\RR}{\mathcal{R}}
\newcommand{\inter}[1]{[#1]_\Pol}

\newcommand{\rc}{\mathrm{rc}}
\newcommand{\irc}{\mathrm{irc}}
\newcommand{\dc}{\mathrm{dc}}
\newcommand{\idc}{\mathrm{idc}}


\newcommand{\Oh}{\mathcal{O}}
\newcommand{\R}{\mathcal{R}}
\newcommand{\T}{\mathcal{T}}

\newcommand{\N}{\mathbb{N}}
\newcommand{\F}{\mathcal{F}}
\newcommand{\V}{\mathcal{V}}
\newcommand{\M}{\mathcal{M}}
\renewcommand{\P}{\mathcal{P}}
\newcommand{\Sorts}{\mathcal{S}}
\newcommand{\Terms}{\mathcal{T}}
\newcommand{\Rules}{\mathcal{R}}
\newcommand{\AlterRules}{\mathcal{U}}
\newcommand{\RulesEta}{\Rules^{\mathtt{ext}}}
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\newcommand{\Defineds}{\mathcal{D}}
\newcommand{\FV}{\mathit{FV}}
\newcommand{\FMV}{\mathit{FMV}}
\newcommand{\domain}{\mathtt{dom}}
\newcommand{\DDP}{\mathit{DDP}}
\newcommand{\SDP}{\mathit{SDP}}
\newcommand{\DP}{\mathit{DP}}
\newcommand{\FR}{\mathit{FR}}
\newcommand{\FRA}{\mathit{FA}}
\newcommand{\URA}{\mathit{UA}}
\newcommand{\UR}{\mathit{UR}}
%
\newcommand{\asort}{\iota}
\newcommand{\bsort}{\kappa}
\newcommand{\atype}{\sigma}
\newcommand{\btype}{\tau}
\newcommand{\ctype}{\pi}
\newcommand{\dtype}{\alpha}
\newcommand{\identifier}[1]{\mathtt{#1}}
\newcommand{\afun}{\identifier{f}}
\newcommand{\bfun}{\identifier{g}}
\newcommand{\cfun}{\identifier{h}}
\newcommand{\adpprob}{M}
\newcommand{\bdpprob}{Q}
\newcommand{\avarormeta}{b}

\newcommand{\yes}{\texttt{YES}}
\newcommand{\no}{\texttt{NO}}

\newcommand{\Pol}{\mathcal{P}o\ell}

\newcommand{\wanda}{\textsf{WANDA}\xspace}
\newcommand{\hot}{\textsf{HOT}}
\newcommand{\thor}{\textsf{THOR}}
\newcommand{\csiho}{$\textsf{CSI}^{\textsf{ho}}$\xspace}
\renewcommand{\csiho}{$\textsf{CSI\textasciicircum{}ho}$\xspace}
\newcommand{\acph}{\textsf{ACPH}\xspace}
\newcommand{\horpo}{\textsf{HORPO}}
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\begin{abstract}
We revisit the static dependency pair method for termination
of higher-order term rewriting. In this extended abstract, we
propose a static dependency pair framework based on an extended notion
of computable dependency chains that harnesses the computability-based
reasoning used in the soundness proof of static dependency pairs.
This allows us to propose a new termination proving technique to use
in combination with static DPs: the \emph{computable} subterm criterion.
\end{abstract}

\section{Introduction}


This paper deals with
higher-order term rewriting with $\beta$-reduction and
$\lambda$-abstractions.
Here a particular topic of interest  is
\emph{termination}, the property that all (well-formed) terms have
only finite reductions.
In the first-order setting, the
\emph{Dependency Pair (DP) framework} \cite{gie:thi:sch:05:2}
has proven to be an extremely successful foundation for automated
termination analysis tools.
While several DP approaches (static
\cite{kus:iso:sak:bla:09,suz:kus:bla:11}
 and dynamic \cite{sak:wat:sak:01,kop:raa:12}) exist
for higher-order rewriting, so far a general DP framework has
been proposed only in the PhD thesis \cite{kop:12}.
We build on ideas from \cite{bla:06,kop:12} to
propose such a DP framework, here specialised to
static DPs, and include a completely new processor which
can offer a simple syntactic termination criterion.

\section{Algebraic Functional Systems with Meta-variables}

Henceforth, we shall assume familiarity with term rewriting, simple
types and the $\lambda$-calculus.
We use a simplified version of \emph{Algebraic Functional
Systems with Meta-variables (AFSMs)} that Kop \cite{kop:12} proposes
to capture a number of higher-order rewrite formalisms
(cf.\ \cite[Ch.\ 3]{kop:12}).


We fix disjoint sets $\F$ of \emph{function symbols} and $\V$ of
\emph{variables}, each symbol $a$ equipped with a type $\atype$.
We also fix a set $\M$, disjoint from $\F$ and $\V$, of
\emph{meta-variables}, each equipped with a \emph{type
declaration} $[\atype_1 \times \dots \times \atype_\mia] \arrtype \btype$
(where $\btype$ and all $\atype_i$ are simple types).
\emph{Meta-terms} are expressions $s$ where $s : \atype$ can be
derived for some type $\atype$ by the following clauses:

\begin{tabular}{llllcllll}
(\textsf{V}) & $x : \atype$ & if & $x : \atype \in \V$ &
\hspace*{10ex} &
(\textsf{@}) & $s\ t : \btype$ & if & $s : \atype \arrtype \btype$ and
  $t : \atype$ \\
(\textsf{F}) & $\afun : \atype$ & if & $\afun : \atype \in \F$ & &
($\mathsf{\Lambda}$) & $\lambda x.s : \atype \arrtype \btype$ & if &
  $x : \atype \in \V$ and $s : \btype$
\end{tabular}

\begin{tabular}{llll}
(\textsf{M}) & $\meta{Z}{s_1,\dots,s_\mia} : \tau$ & if & $Z :
  [\atype_1 \times \dots \times \atype_\mia] \arrtype \btype \in \M$ and $s_1 : \atype_1,\dots,s_\mia : \atype_\mia$
\end{tabular}

\noindent
\emph{Terms} are meta-terms without meta-variables, so derived without
clause \textsf{(M)}.  \emph{Patterns} are meta-terms where all
meta-variable occurrences have the form $\meta{Z}{x_1,\dots,x_\mia}$
with all $x_i$ distinct variables.
The $\lambda$ binds variables as in the $\lambda$-calculus. Unbound
variables are called \emph{free}, $\FV(s)$ is the set of free
variables in $s$, and $\FMV(s)$ is the set of meta-variables occurring
in $s$.
A meta-term $s$ is
\emph{closed} if $\FV(s) = \emptyset$.
Meta-terms are considered modulo $\alpha$-conversion.
Application (\textsf{@}) is left-associative;
abstractions ($\mathsf{\Lambda}$) extend as far to the right
as possible.
A meta-term $s$ \emph{has type} $\atype$ if
$s : \atype$;
it \emph{has base type} if
$\atype \in \Sorts$, the set of \emph{sorts}.
A meta-term $s$ has a \emph{sub-meta-term} $t$ (\emph{subterm} if
$t$ is a term), written $s \suptermeq t$, if (a) $s = t$, (b) $s =
\abs{x}{s'}$ and $s' \suptermeq t$, (c) $s = \app{s_1}{s_2}$ and $s_1
\suptermeq t$ or $s_2 \suptermeq t$, or (d) $s =
\meta{Z}{s_1,\dots,s_\mia}$ and some $s_i \suptermeq t$.

A \emph{meta-substitution} is a type-preserving function $\gamma$
from variables and meta-variables to meta-terms;
if $Z : 
[\atype_1 \times \dots \times \atype_\mia] \arrtype \btype$
then $\gamma(Z)$ has the form
$\abs{y_1 \dots y_\mia}{u} :
\atype_1 \arrtype \dots \arrtype \atype_\mia \arrtype \btype$.
Let $\domain(\gamma) = \{ x \in \V \mid \gamma(x) \neq x \} \cup
\{ Z \in \M \mid \gamma(Z) \neq \abs{y_1 \dots y_\mia}{
\meta{Z}{y_1,\dots,y_\mia}} \}$ (the \emph{domain} of $\gamma$).
We let $[\avarormeta_1:=s_1,\dots,\avarormeta_n:=s_n]$
be the
meta-substitution $\gamma$ with $\gamma(\avarormeta_i) = s_i$,
$\gamma(z) = z$ for $z \in \V \setminus \{\vec{\avarormeta}
\}$, and
$\gamma(Z) = \abs{y_1\dots y_\mia}{\meta{Z}{y_1,\dots, y_\mia}}$
for $Z \in \M \setminus \{\vec{\avarormeta}\}$.
A \emph{substitution} is a meta-substitution mapping everything in its
domain to terms.
The result $s\gamma$ of applying a meta-substitution $\gamma$ to a
meta-term $s$ is obtained recursively (with implicit $\alpha$-conversion):

\begin{tabular}{rclllcrclll}
$x\gamma$ & $=$ & $\gamma(x)$ & if & $x \in \V$ & \hspace*{2ex} &
$(s\ t)\gamma$ & $=$ & $(s\gamma)\ (t\gamma)$ \\
$\afun\gamma$ & $=$ & $\afun$ & if & $\afun \in \F$ & &
$(\lambda x.s)\gamma$ & $=$ & $\lambda x.(s\gamma)$ & if & $\gamma(x) = x
  \wedge x \notin \FV(s\gamma)$ \\
\multicolumn{11}{l}{
$\meta{Z}{s_1,\dots,s_\mia}\gamma = t[x_1:=s_1\gamma,\dots,x_\mia:=
s_\mia\gamma]$ if $\gamma(Z) \approxp \abs{x_1 \dots x_\mia}{t}$}
\end{tabular}

\smallskip
Essentially, applying a meta-substitution with meta-variables in its
domain combines a substitution with a $\beta$-development, e.g.,
$\meta{X}{\nil,
\symb{0}}[X:=\abs{x}{\symb{plus}\ (\symb{len}\ x)}]$ equals
$\symb{plus}\ (\symb{len}\ \nil)\ \symb{0}$.

A \emph{rule} is a pair $\ell \arrz r$ of \emph{closed} meta-terms of the
same type
both in $\beta$-normal form
with $\ell$
a pattern of the form
$\apps{\afun}{\ell_1}{\ell_n}$ with $\afun \in \F$,
and $\FMV(r) \subseteq \FMV(\ell)$.
A set of rules $\Rules$ induces a rewrite
relation $\arr{\Rules}$
as the smallest monotonic relation on terms
that includes $\beta$-reduction (denoted as $\arr{\beta}$) and
has $\ell\delta \arr{\Rules} r\delta$ whenever $\ell \arrz r \in
\Rules$ and $\delta$ is a substitution on domain $\FMV(\ell)$.
Rewriting is allowed at any position of a term, even
below a $\lambda$.
$\Rules$
is terminating if
there is no infinite reduction $s_0 \arr{\Rules} s_1 \arr{\Rules} \dots$.
The set $\Defineds \subseteq \F$ of \emph{defined symbols} consists
of those
$\afun \in \F$ such that a rule $\apps{\afun}{\ell_1}{\ell_n}
\arrz r$ exists.

An AFSM is a pair $(\F, \Rules)$;
types of (meta-)variables can be derived from context.


\begin{example}[Ordinal recursion]\label{ex:ordrec}
Let $\F$ contain at least
$\nul : \symb{ord},\ \suc : \symb{ord} \!\arrtype\!\symb{ord},\ 
\symb{lim} : (\symb{nat} \!\arrtype\! \symb{ord}) \!\arrtype\!
\symb{ord}$ for ordinals, 
$\zeronat : \nat,\ 
\succnat : \nat \!\arrtype\! \nat$ for $\mathbb{N}$,
and the symbol
$\symb{rec} : \symb{ord} \!\arrtype\! \symb{nat} \!\arrtype\! (\symb{ord}
\!\arrtype\! \symb{nat} \!\arrtype\! \symb{nat}) \!\arrtype\!
((\symb{nat} \arrtype
\symb{ord}) \arrtype (\symb{nat} \arrtype \symb{nat}) \arrtype
\symb{nat}) \arrtype \symb{nat}
 \}$.
Let
$\Rules$ be:\linebreak
\vspace{-2ex}
\[
\begin{array}{rcl}
\symb{rec}\ \nul\ K\ F\ G & \arrz & K, \hspace*{16ex}
\symb{rec}\ (\suc\ X)\ K\ F\ G  \arrz  F\ X\ (\symb{rec}\ X\ K\ F\ G), \\
\symb{rec}\ (\symb{lim}\ H)\ K\ F\ G & \arrz & G\ H\ (\abs{m}{
  \symb{rec}\ (H\ m)\ K\ F\ G})
\end{array}
\]
\vspace{-2ex}

\noindent
Then
$\rec\ (\suc\ \nul)\ \zeronat\ (\abs{vz}{z})\ (\abs{xy}{\zeronat})
\arr{\Rules}
(\abs{vz}{z})\ \nul\ (\rec\ \nul\ \zeronat\ (\abs{vz}{z})\
(\abs{xy}{\zeronat}))
\arr{\beta}
(\abs{z}{z})\ (\rec\ \nul\ \zeronat\ (\abs{vz}{z})\
(\abs{xy}{\zeronat}))
\arr{\beta}
\rec\ \nul\ \zeronat\ (\abs{vz}{z})\
(\abs{xy}{\zeronat})
\arr{\Rules}
\zeronat$.

\end{example}

\section{Computability}

A common technique in higher-order termination is Tait and Gi\-rard's
\emph{computability} notion~\cite{tai:67}.
There are several ways to define computability predicates; here we
follow, e.g., \cite{bla:00,bla:16,bla:jou:oka:02,bla:jou:rub:15} 
in considering \emph{accessible meta-variables} using a form of the
\emph{computability closure} \cite{bla:16}:

\begin{definition}[Accessible arguments]\label{def:accArgs}
We fix a quasi-ordering $\greqsort$ on the set of sorts (base types) $\Sorts$
with well-founded strict part $\grsort\ :=\ \greqsort \setminus \leqsort$.
For $\atype\ \equiv\ \atype_1 \arrtype \dots \arrtype \atype_\maa
\arrtype \bsort$ (with $\bsort \in \Sorts$) and sort $\asort$,
let
$\asort \gracsortup \atype$ if $\asort \greqsort \bsort$ and
each $\asort \gracsortdown \atype_i$, and
let
$\asort
\gracsortdown \atype$ if $\asort \grsort \bsort$ and each $\asort
\gracsortup \atype_i$.
(The relation $\asort \gracsortup \atype$ corresponds to
  ``$\asort$ occurs only positively in $\atype$'' in
  \cite{bla:00,bla:jou:oka:02,bla:jou:rub:15}.)

For $\afun : \atype_1 \arrtype \dots \arrtype \atype_\maa \arrtype
\asort \in \F$, let $\Acc(\afun) = \{ i \mid 1 \leq i \leq \maa
\wedge  \asort \gracsortup \atype_i \}$.
For $x : \atype_1 \arrtype \dots \arrtype \atype_\maa \arrtype \asort
\in \V$, let $\Acc(x) = \{ i \mid 1 \leq i \leq \maa \wedge \atype_i$
has the form $\btype_1 \arrtype \dots \arrtype \btype_n \arrtype
\bsort$ for some $n \in \N$ with
$\asort \greqsort \bsort \}$.
We
write $s \gracc t$ if either $s = t$, or $s = \abs{x}{s'}$ and $s'
\gracc t$, or $s = \apps{a}{s_1}{s_n}$ with $a \in \F \cup \V$ and
$s_i \gracc t$ for some $i\in \Acc(a)$.
\end{definition}

\begin{theorem}[$\Rules$-computability]
For $\Rules$ a set of rules, there exists a predicate
``$\Rules$-computable'' on terms which satisfies the following
properties:
\begin{itemize}
\item $s : \atype \arrtype \btype$ is $\Rules$-computable iff
  $\app{s}{t}$ is $\Rules$-computable whenever $t : \atype$ is
  $\Rules$-computable;
\item $s : \asort$ for $\asort$ a sort is $\Rules$-computable iff
  (1) $s$ is terminating under $\arr{\Rules} \cup \accreduce{I}$
  and (2) if $s \arrr{\Rules} \apps{\afun}{s_1}{s_\maa}$ then
  $s_i$ is $\Rules$-computable for all $i \in \Acc(\afun)$.
Here,
$\apps{\afun}{s_1}{s_\maa} \accreduce{I} \apps{s_i}{t_1}{t_n}$ if
both sides have (possibly different) base types, $i \in \Acc(\afun)$,
and all $t_j$ are $\Rules$-computable.
\end{itemize}
\end{theorem}

The above notion of computability is adapted from
\cite{bla:00,bla:16,bla:jou:oka:02,bla:jou:rub:15}
to account for AFSMs.
It is an instance of a \emph{strong computability predicate} following
\cite{kus:18}, identified by a syntactic criterion.  This instance
gives a more liberal restriction (in our \refDef{def:apfp}) than their
default predicate $\mathit{SC}$, which is directly used to define the
``plain function passing'' criterion in
\cite{kus:iso:sak:bla:09,suz:kus:bla:11}.

\begin{example}\label{ex:lim}
Consider a quasi-ordering $\greqsort$ such that
$\symb{ord} \grsort \symb{nat}$. In \refEx{ex:ordrec}, we then have
$\symb{ord} \gracsortup \symb{nat} \arrtype \symb{ord}$.  Therefore,
$1 \in \Acc(\symb{lim})$, which gives $\symb{lim}\ H \gracc H$.
\end{example}


\section{Static DPs for Accessible Function Passing AFSMs}

We will adapt static DPs to our AFSM formalism and
propose an alternative applicability criterion.
Similar to DPs in the first-order setting, static DPs employ
\emph{marked symbols}:

\begin{definition}[Marked symbols, DPs]\label{def:marked}\label{def:dp}
Define $\F^\sharp := \F \uplus \{ \afun^\sharp : \atype \mid \afun :
\atype \in \Defineds \}$.
For a meta-term $s$,
let $s^\sharp := \apps{\afun^\sharp}{s_1}{s_\mia}$
if $s = \apps{\afun}{s_1}{s_\mia}$ with
$\afun \in \Defineds$; let $s^\sharp := s$ otherwise.
A \emph{DP} is a pair $\ell \arrdp p$ where $\ell$ is a
closed pattern
$\apps{\afun}{\ell_1}{\ell_\maa}$, $p$ is
a meta-term
$\apps{\bfun}{p_1}{p_\mia}$, and both $\ell$ and $p$
are $\beta$-normal and have (possibly different) base types.
\end{definition}


The original static approaches define
DPs as
pairs $\ell^\sharp \arrdp p^\sharp$
with $\ell \arrz r$
a rule
and $p$ a\linebreak subterm $\apps{\bfun}{p_1}{p_\mia}$
of $r$ (their rules use \emph{terms}, not \emph{meta-terms}).
This can set bound variables\linebreak from $r$ free in $p$.
Here, we replace such variables by meta-variables.
(So our ``variables'' mimic ($\lambda$-)\emph{bound} variables
in functional programming,
and our ``meta-variables'' \emph{free} variables.)

\begin{definition}[$\SDP$]\label{def:sdp}
For a meta-term $s$,
$\metafy(s)$ denotes $s$ with all free variables replaced by
corresponding fresh
meta-variables.
For an AFSM $(\F,\Rules)$,
$\SDP(\Rules) = \{ \ell^\sharp \arrdp \metafy(p^\sharp)
\mid \ell \arrz r \in \Rules \wedge r \suptermeq p
\wedge \ell$ and $p$ have base types
$\wedge\ p$ has the form
$\apps{\bfun}{p_1}{p_{\mia}}$ for some $\bfun \in \Defineds\}$.
\end{definition}

Right-hand sides of static DPs may contain
meta-variables that do not occur on the left:

\begin{example}\label{ex:ordrecdp}
For \refEx{ex:ordrec}, we obtain $\SDP(\Rules) = \{
\symb{rec}^\sharp\ (\suc\ X)\ K\ F\ G \arrdp
  \symb{rec}^\sharp\ X\ K\ F\ G,\linebreak
\symb{rec}^\sharp\ (\symb{lim}\ H)\ K\ F\ G \arrdp
  \symb{rec}^\sharp\ (H\ M)\ K\ F\ G \}$.
\end{example}


Dependency chains capture sequences of function calls, similar to the
first-order setting:

\begin{definition}[Dependency chain, minimal chain]\label{def:chain}
Let $\P$ be a set of DPs and $\Rules$ be a set of rules.
A (finite or infinite)
\emph{$(\P,\Rules)$-dependency chain} (or just
$(\P,\Rules)$-chain) is a sequence
$[(\rho_0,s_0,t_0),(\rho_1,s_1,t_1),\ldots]$
where each $\rho_i \in \P$
and all $s_i,t_i$ are terms, such that for all
$i$:
\begin{enumerate}
\item\label{depchain:dp}
   if $\rho_i = \ell_i \arrdp p_i$, then there exists
   a substitution $\gamma$ on domain $\FMV(\ell_i) \cup \FMV(p_i)$
   such that
   $s_i = \ell_i\gamma$ and
   $t_i = p_i\gamma$; and
\item\label{depchain:reduce}
we can write $t_i = \apps{\afun}{u_1}{u_n}$ with
$\afun \in \F^\sharp$, $s_{i+1} = \apps{\afun}{w_1}{w_n}$ and
  each $u_j \arrr{\Rules} w_j$.
\end{enumerate}
A $(\P,\Rules)$-chain is \emph{minimal} if the strict subterms of all
$t_i$ are terminating under $\arr{\Rules}$.
\end{definition}



Static DPs are \emph{sound} if
the AFSM's rules are
\emph{accessible function passing (AFP)}.  Intuitively:
meta-variables of a higher type may occur only in ``safe'' places in
the left-hand sides of rules.

\begin{definition}[Accessible function passing]\label{def:apfp}
An AFSM $(\F,\Rules)$ is \emph{accessible function passing (AFP)}
if there exists a sort ordering $\greqsort$ following
\refDef{def:accArgs} such that:
\begin{itemize}
\item
  all function symbols $\afun$ are fully applied in $\Rules$, i.e., they occur
  only with the maximum number of arguments permitted by their type;
\item for all $\apps{\afun}{\ell_1}{\ell_\maa} \arrz r \in \Rules$ and all
  $Z \in \FMV(r)$: there are some
  variables $x_1,\dots,x_k$
  and some
  $i$ such that $\ell_i \gracc \meta{Z}{x_1,\dots,x_k}$.
\end{itemize}
\end{definition}

This definition is strictly more liberal than the notions of
\emph{plain function passing} in
\cite{kus:iso:sak:bla:09,suz:kus:bla:11} as adapted to AFSMs; this
lets us handle examples like ordinal recursion (\refEx{ex:ordrec})
not covered by \cite{kus:iso:sak:bla:09,suz:kus:bla:11}.
However, \cite{kus:iso:sak:bla:09,suz:kus:bla:11} consider
a different formalism, with polymorphism and rules whose
left-hand side is not a pattern.
Our \pagebreak restriction
is closer to the ``admissible'' rules
in~\cite{bla:06}, which are defined using a pattern computability
closure \cite{bla:00}.
It is also an instance of the ATRFP no-\linebreak tion
\cite{kus:18},
which is parametrised
by a strong computability predicate and
accessibility relation.

\begin{example}\label{ex:afp2}
The AFSM from \refEx{ex:ordrec} is AFP because of the
sort ordering $\symb{ord} \grsort \symb{nat}$ (see also
\refEx{ex:lim}), yet it is not plain function passing
following \cite{suz:kus:bla:11}.
\end{example}


\begin{theorem}\label{thm:schain}
If $(\F,\Rules)$ is non-terminating and AFP, then
there is an infinite minimal $(\SDP(\Rules),\Rules)$-chain.
\end{theorem}

This theorem corresponds to results in
\cite{bla:06,kus:18,kus:iso:sak:bla:09}, but imposes a different
admissibility restriction: our notion is strictly more liberal than
the syntactic criterion in \cite{kus:iso:sak:bla:09}, is likely less
liberal than the semantic restriction in \cite{kus:18} (although we
could not find an example that is ATRFP but not AFP), and
mostly (although not entirely) implies
the restriction in \cite{bla:06}.

The computability inherent in dependency chains
using $\SDP$ lets us strengthen \refThm{thm:schain}:
rather than considering \emph{minimal} chains, we require
(some) subterms of all $t_i$ to be \emph{computable}:


\begin{definition}\label{def:Ccomputable}
A $(\P,\Rules)$-chain $[(\ell_0 \arrdp p_0,s_0,t_0),
(\ell_1 \arrdp p_1,s_1,t_1),\dots]$ is
\emph{$\AlterRules$-computable}
for a set of rules $\AlterRules$
if $\arr{\AlterRules} \mathop{\supseteq} \arr{\Rules}$,
for all $i$
there exists
a substitution
$\gamma_i$
with
$s_i = \ell_i\gamma_i$ and $t_i = p_i\gamma_i$,
and $(\abs{x_1 \dots x_n}{v})\gamma_i$ is $\AlterRules$-computable
for all $v$ such that $p_i \suptermeq v$ and $\FV(v) = \{x_1,\dots,x_n\}$.
\end{definition}


\begin{theorem}\label{thm:sschain} (a)
If an AFSM $(\F,\Rules)$ is non-terminating and
AFP, then there is an infinite $\Rules$-computable
$(\SDP(\Rules),\Rules)$-chain.
(b) Every $\AlterRules$-computable $(\P,\Rules)$-chain is
minimal.
\end{theorem}


This theorem does not have a true counterpart in the
literature.  The main result of \cite{kus:18} does require the immediate
arguments of each $s_i,t_i$ to be computable, but not other
sub-metaterms.
Note that the reverse of (a) does \emph{not} hold;
terminating AFSMs $\Rules$ with
infinite $\Rules$-computable $(\SDP(\Rules),\Rules)$-chains
do exist \cite[Ex.~3.23 (report version 1)]{fuh:kop:18}.


\section{Static DP Framework \& Computable Subterm Criterion Processor}


The static DP framework follows the first-order DP
framework~\cite{gie:thi:sch:05:2}, as an extendable framework for
proving termination where new termination methods can easily be added
as \emph{processors}. In \refThm{thm:staticsubtermproc},
we will propose a new processor: the \emph{computable subterm criterion}.

Thus far, we have reduced the problem of termination to the non-existence of
certain chains.  Following the first-order DP framework,
we formalise this further
via \emph{DP problems}:

\begin{definition}[DP problem]\label{def:dpproblem}
A \emph{DP problem} is a tuple $(\P,\Rules,m)$ with $\P$ a set of
DPs, $\Rules$ a set of rules, and $m \in \{ \minimal,
\arbitrary \} \cup \{ \static_\AlterRules \mid \AlterRules \text{ a set of rules}
\}$.
A DP problem $(\P,\Rules,m)$ is \emph{finite} if there exists no
infinite $(\P,\Rules)$-chain that is $\AlterRules$-computable if
$m = \static_\AlterRules$ or minimal if $m = \minimal$.
For the different levels of permissiveness,
we use a transitive-reflexive relation $\succeq$ generated by
$\static_\AlterRules \succeq \minimal \succeq \arbitrary$.
\end{definition}

\refThm{thm:sschain} now becomes:
an AFSM $(\F,\Rules)$ is terminating if (but not only if) it is
AFP and\linebreak $(\SDP(\Rules),\Rules, \static_\Rules)$ is finite.
We add a flag value $\static_\Rules$
over the first-order framework
for chains with computability restrictions.
The core idea of the DP framework is to
simplify a set of
DP problems stepwise via \emph{processors} until nothing remains to be proved:

\begin{definition}[Processor]\label{def:proc}
A \emph{dependency pair processor} (or just \emph{processor}) is a
function that takes a DP problem and returns a set of DP problems.
A processor $\Proc$ is \emph{sound} if a DP problem $\adpprob$ is finite
whenever all elements of $\Proc(\adpprob)$ are finite.
\end{definition}


To prove finiteness of a DP problem $\adpprob$:
  (1) let $A := \{ \adpprob \}$;
  (2) while $A \neq \emptyset$: select a
  $\bdpprob \in A$ and a
  sound processor $\Proc$,
  let $A := (A \setminus \{ \bdpprob \}) \cup \Proc(\bdpprob)$.
If this terminates, $\adpprob$ is a finite DP problem.
Many processors are possible; here we present
{an extension of the subterm criterion
\cite{kus:iso:sak:bla:09,kop:raa:12,kus:18},
dubbed \emph{computable subterm criterion},
that \emph{needs} the new flag.


\pagebreak


\begin{theorem}[Computable subterm criterion processor]\label{thm:staticsubtermproc}
Let $M = (\P_1 \uplus \P_2, \Rules,\static_\AlterRules)$ be a DP problem.
A \emph{projection function} $\nu$ maps meta-terms to natural
numbers such that for all DPs
$\ell \arrdp p \in \P_1 \uplus \P_2$, the function $\project$ with
$\project(\apps{\afun}{s_1}{s_m}) = s_{\nu(\afun)}$ is well-defined
for $\ell$ and $p$.
For meta-terms $s$ and $t$ of base types, we define
  $s \sqsupset t$ if
  $s \neq t$ and (a) $s \gracc t$
  or
  (b) there exists a meta-variable $Z$
  with
  $s \gracc \meta{Z}{x_1,\dots,x_\mia}$
  and $t = \apps{\meta{Z}{t_1,\dots,t_\mia}}{s_1}{s_n}$.
Then the processor $\Proc_{\compsubcrit}$  that maps $M$
to $\{(\P_2,\Rules,\static_\AlterRules)\}$ is sound if
a projection function $\nu$ exists
  with $\project(\ell)
  \sqsupset \project(p)$ for all $\ell \arrdp p \in \P_1$ and
  $\project(\ell) = \project(p)$ for all $\ell \arrdp p \in
  \P_2$.
\end{theorem}





\begin{example}\label{ex:ordrecdone}
$\Rules$ from
\refEx{ex:ordrec} is terminating if $(\P,\Rules,\static_\Rules)$
with $\P = \SDP(\Rules)$ is
finite (see \refEx{ex:ordrecdp}).
Consider the projection function $\nu$ with $\nu(\symb{rec}^\sharp) =
1$.
As $\suc\ X \gracc X$ and $\symb{lim}\ H \gracc H$, we have
$\suc\ X \sqsupset X$ and $\symb{lim}\ H \sqsupset H\ M$.
So $\Proc_{\compsubcrit}(\P,\Rules,\static_\Rules) =
\{ (\emptyset,\Rules,
\static_\Rules) \}$.
As there are no DPs left, this implies termination
of the original $\Rules$.
\end{example}


\section{Conclusion}
\label{sec:conclusion}

We have extended the static DP method by
a more relaxed applicability criterion
and the new \emph{computable subterm criterion}.
The full version \cite{fuh:kop:18} of the paper has
proofs and further
extensions, such as
\emph{formative} reductions \cite{fuh:kop:14,kop:raa:12},
applications to proving non-termination, and dynamic DPs
\cite{kop:raa:12} in a unified DP framework with many other
processors.
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