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Abstract13


Non-termination is the root cause of a variety of program bugs, such as hanging programs and14


denial-of-service vulnerabilities. This makes an automated analysis that can prove the absence15


of such bugs highly desirable. To scale termination checks to large systems, an interprocedural16


termination analysis seems essential. This is a largely unexplored area of research in termination17


analysis, where most effort has focussed on small but difficult single-procedure problems.18


We present a modular termination analysis for C programs using template-based interpro-19


cedural summarisation. Our analysis combines a context-sensitive, over-approximating forward20


analysis with the inference of under-approximating preconditions for termination. Bit-precise21


termination arguments are synthesised over lexicographic linear ranking function templates. Our22


experimental results show the advantage of interprocedural reasoning over monolithic analysis in23


terms of efficiency, while retaining comparable precision.24
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about Programs27
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1 Problem Description30


Termination bugs compromise safety-critical software systems by making them unresponsive.31


In particular, termination bugs can be exploited in denial-of-service attacks [1]. Termination32


guarantees are therefore instrumental for ensuring software reliability. Termination provers33


are static analysis tools that aim to construct a proof of termination for a given input program34


and the implementations of these tools have made tremendous progress in the past few years.35


They compute proofs for complex loops that may require linear lexicographic (e.g., [2, 8]) or36


non-linear termination arguments in a completely automatic way. However, there remain37


major practical challenges in analysing the termination of real-world code.38


First of all, as observed by [4], most approaches in the literature are specialised to linear39


arithmetic over unbounded mathematical integers. Even though unbounded arithmetic40


may reflect the intuitively-expected program behaviour, the program actually executes over41


bounded machine integers. The semantics of C allows unsigned integers to wrap around42


when they over/underflow. Hence, arithmetic on k-bit-wide unsigned integers must be43
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performed modulo 2k. According to the C standards, over/underflows of signed integers44


are undefined behaviour, but practically also wrap around on most architectures. Thus,45


accurate termination analysis requires a bit-precise analysis of the program semantics (i.e.,46


an analysis that captures the semantics of programs down to each individual bit by using47


machine arithmetic). Tools must be configurable with architectural specifications such as48


the width of data types and endianness. The following examples illustrate that termination49


behaviour on machine integers can be completely different than on mathematical integers.50


For example, the program fragment51


52


void foo1 (unsigned n)53


{54


for (unsigned x=0; x<=n ; x++);55


}56
57


does terminate with mathematical integers, but does not terminate with machine integers if58


n equals the largest unsigned integer. On the other hand, the program fragment59


60


void foo2 (unsigned x )61


{62


while (x>=10) x++;63


}64
65


does not terminate with mathematical integers, but terminates with machine integers because66


unsigned machine integers wrap around.67


A second challenge is to make termination analysis scale to larger programs. The68


annual Software Verification Competition (SV-COMP) [12] includes a division in termination69


analysis, which reflects a representative picture of the state of the art. The SV-COMP 201670


termination benchmarks contain challenging termination problems on smaller programs with71


at most 453 instructions (average 53), feature at most seven functions (average three) and72


four loops (average one).73


In this paper, we present a technique that we have successfully run on programs that74


are one order of magnitude larger, containing up to 5000 instructions. Larger instances75


require different algorithmic techniques to scale, and we conjecture that the key technique is76


a modular, interprocedural analysis which decomposes a problem into sub-problems rather77


than a monolithic analysis which would put all its resources into solving the problem all at78


once. Modular termination analysis raises several conceptual and practical challenges that79


do not arise in monolithic termination analysers. For example, when proving termination80


of a program, a possible approach is to prove that all procedures in the program terminate81


universally, i.e., in any possible calling context. However, this criterion is too optimistic, as82


termination of individual procedures often depends on the calling context, i.e., procedures83


terminate conditionally only in specific calling contexts.84


The approach that we take is verifying universal program termination in a top-down85


manner by proving termination of each procedure relative to its calling contexts, and86


propagating upwards which calling contexts guarantee termination of the procedure. It is87


too difficult to determine these contexts precisely; analysers thus compute preconditions88


for termination. A sufficient precondition identifies pre-states in which the procedure will89


definitely terminate, and is thus suitable for proving termination. By contrast, a necessary90


precondition identifies pre-states in which the procedure may terminate. Its negation are91


states in which the procedure will not terminate, which is useful for proving non-termination.92


In this paper we focus on interprocedural termination analysis and computation of93
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sufficient preconditions for termination. Preconditions enable information reuse, and thus94


scalability, as it is frequently possible to avoid repeated analysis of parts of the code base,95


e.g., libraries whose procedures are called multiple times or parts of the code that did not96


undergo modifications between successive analysis runs. This paper is a short version of [3].97


2 Overview of the Approach98


We next introduce the architecture of our interprocedural termination analysis. Our analysis99


combines, in a non-trivial synergistic way, the inference of invariants, summaries, calling100


contexts, termination arguments, and preconditions, which have a concise characterisation in101


second-order logic. To see how the different analysis components fit together, we now go102


through the pseudo-code of our termination analyser (Algorithm 1). We use three global103


maps Sumso, Invso, and Precondsu to store the summaries, invariants and preconditions that104


we compute for procedures f of the program. Note that superscripts o and u in predicate105


symbols indicate over- and under-approximation, respectively. Function analyze is given the106


entry procedure fentry of the program as argument and proceeds in two analysis phases.107


Phase one is an over-approximate forward analysis, given in subroutine analyzeForward,108


which recursively descends into the call graph from the entry point fentry. Subroutine109


analyzeForward infers for each procedure call in f an over-approximating calling context110


CallCtxo, using procedure summaries and other previously-computed information. Before111


analyzing a callee, the analysis checks if the callee has already been analysed and whether the112


stored summary can be re-used, i.e., if it is compatible with the new calling context CallCtxo.113


Finally, once summaries for all callees are available, the analysis infers loop invariants and a114


summary for f itself, which are stored for later re-use.115


The second phase is an under-approximate backward analysis, subroutine analyzeBackward,116


which infers termination preconditions. Again, we recursively descend into the call graph.117


Analogous to the forward analysis, we infer for each procedure call in f an under-approximating118


calling context CallCtxu and recur only if necessary (Line 12). Finally, we compute the119


under-approximating precondition for termination (Line 15). This precondition is inferred120


w.r.t. the termination conditions that have been collected: the backward calling context121


(Line 9), the preconditions for termination of the callees (Line 14), and the termination122


arguments for f itself. The interested reader can find the descriptions of the subroutines123


joino, joinu, needToReAnalyzeo, and needToReAnalyzeu in [3].124


3 Results and Discussion125


We implemented the approach in 2LS, a static analysis tool for C programs [11]. Interpro-126


cedural termination analysis (IPTA) is the approach presented in this article; monolithic127


termination analysis (MTA) is IPTA applied to the program where all procedures are inlined.128


We used the product line benchmarks of the [12] benchmark repository. In contrast to other129


categories, this benchmark set contains programs with non-trivial procedural structure. This130


benchmark set contains 597 programs with 1100 to 5700 lines of code (2705 on average), 33 to131


136 procedures (67 on average), and four to ten loops (5.5 on average). Of these benchmarks,132


264 terminate universally, whereas 333 never terminate when starting from main.133


Modular termination analysis is fast We compared IPTA with MTA. Table 1 shows134


that the total analysis time of IPTA is 5.3 times lower than the time taken by MTA. The135


geometric mean speed-up of IPTA w.r.t. MTA on those benchmarks for which both approaches136


return a definitive answer (terminating or non-terminating) is 2.02.137
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Algorithm 1: analyze
1 global Sumso, Invso, Precondsu;
2 function analyzeForward(f, CallCtxo


f )
3 foreach procedure call h in f do
4 CallCtxo


h = compCallCtxo(f, CallCtxo
f , h);


5 if needToReAnalyzeo(h, CallCtxo
h) then


6 analyzeForward(h, CallCtxo
h);


7 joino((Sumso[f ], Invso[f ]), compInvSumo(f, CallCtxo
f ))


8 function analyzeBackward(f, CallCtxu
f )


9 termConds = CallCtxu
f ;


10 foreach procedure call h in f do
11 CallCtxu


h = compCallCtxu(f, CallCtxu
f , h);


12 if needToReAnalyzeu(h, CallCtxu
h) then


13 analyzeBackward(h, CallCtxu
h);


14 termConds ← termConds ∧ Precondsu[h];


15
joinu(Precondsu[f ],


compPrecondTerm(f, Invso[f ], termConds);
16 function analyze(fentry)
17 analyzeForward(fentry, true);
18 analyzeBackward(fentry, true);
19 return Precondsu[fentry];


Table 1 Tool comparison
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terminating 264 263 234 18 150 6 178
non-terminating 333 320 328 3 325 135 –
potentially non-terminating — 14 35 425 0 0 4
timed out — 0 0 151 118 61 233
out of memory — 0 0 0 4 111 182
errors — 0 0 0 0 284 0
total run time (h) — 0.35 1.88 92.8 63.6 42.9 144.9


Modular termination analysis is precise We compare IPTA with MTA. Table 1 shows138


that IPTA proves 99.6% of the terminating benchmarks, whereas 88.6% were proven by139


MTA. MTA can prove 98.5% of the non-terminating benchmarks including 8 benchmarks140


that IPTA classifies potentially non-terminating due to imprecision by the use of summaries141


to handle function calls. Therefore neither approach is strictly better than the other.142


2LS is competitive with existing termination analysis tools on procedural pro-143


grams We tried to compare 2LS with 10 termination tools for C programs. We succeeded144


to run the following 4 tools, namely TAN [14], Ultimate [5], T2 [13], and KITTeL [6]. For145


the latter two tools we used the front-end llvm2KITTeL [9] for generating the required146


input formats. TAN [7] and KITTeL [4] support bit-precise C semantics. Ultimate uses147


mathematical integer reasoning but tries to ensure conformance with bit-vector semantics.148


For each of the tools, Table 1 lists the number of instances solved, timed out, run out of149


memory or aborted because of an internal error. None of the tools reported wrong results150


w.r.t. the expected outcome (column “expected”).151


Ultimate proves 56.8% of the terminating benchmarks correctly, and 97.6% of the152
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non-terminating ones. T2 proved 2.3% of the terminating benchmarks and 40.5% of the153


non-terminating ones, whereas KITTeL proved 67.4% of the terminating ones. KITTeL154


cannot prove non-termination. The comparison with the latter two tools suffered from the155


deficiencies of the available front-ends. llvm2KITTeL timed out on some benchmarks and156


was unable to generate syntactically correct T2 files for almost half the benchmarks (error).157


This suggests that current termination tools are quite specialised in handling and per-158


forming well on different sets of benchmarks, which makes it difficult to compare them in a159


fair manner.160


Our results show that the technique implemented in 2LS is very efficient in analyzing161


procedural programs. However, one has to be careful in comparing the run times as the162


tools have different capabilities w.r.t. finding termination and non-termination arguments.163


In particular, 2LS uses relatively weak abstractions (linear lexicographic ranking functions164


and very simple polyhedral invariants), which make it very fast, but these abstractions are165


not expressive enough to provide as complex termination arguments as the other tools are166


able produce. Implementing more powerful domains is ongoing work.167


More detailed results and an evaluation of precondition generation can be found in [3].168
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\begin{abstract}
%
Non-termination is the root cause of a variety of program bugs, such as
hanging programs and  denial-of-service vulnerabilities.  This
makes an automated analysis that can prove the absence of such bugs highly
desirable.  To scale termination checks to large systems, an
interprocedural termination analysis seems essential. This is a largely
unexplored area of research in termination analysis, where most effort has
focussed on small but difficult single-procedure problems.

We present a modular termination analysis for C programs using
template-based interprocedural summarisation.
%
Our analysis combines a context-sensitive, over-approximating forward
analysis with the inference of under-approximating preconditions
for termination.
%
Bit-precise termination arguments are synthesised over lexicographic
linear ranking function templates.
%
Our experimental results show the advantage of interprocedural
reasoning over monolithic analysis in terms of efficiency, while
retaining comparable precision.
%
\end{abstract}

%===============================================================================
\section{Problem Description}
%===============================================================================

Termination bugs compromise safety-critical software systems by making them
unresponsive.  In particular, termination bugs can be exploited in
denial-of-service attacks~\cite{CVE}.  Termination guarantees are therefore
instrumental for ensuring software reliability.  Termination provers are
static analysis tools that aim to construct a proof of termination for a
given input program and the implementations of these tools have made
tremendous progress in the past few years.  They compute proofs for complex
loops that may require linear lexicographic
(e.g.,~\cite{DBLP:journals/jacm/Ben-AmramG14,LH14}) or non-linear
termination arguments in a completely automatic way. 
However, there remain major practical challenges in analysing the
termination of real-world code.

First of all, as observed by~\cite{FKS12}, most approaches in the
literature are specialised to linear arithmetic over unbounded mathematical
integers.  Even though unbounded arithmetic may reflect the
intuitively-expected program behaviour, the program actually executes over
bounded machine integers.  The semantics of C allows unsigned integers to
wrap around when they over/underflow.  Hence, arithmetic on $k$-bit-wide
unsigned integers must be performed modulo $2^k$.
%
According to the C standards, over/underflows of signed integers are
undefined behaviour, but practically also wrap around on most architectures. 
Thus, accurate termination analysis requires a \mbox{\emph{bit-precise}}
analysis of the program semantics (i.e., an analysis that captures the
semantics of programs down to each individual bit by using machine
arithmetic).  Tools must be configurable with architectural specifications
such as the width of data types and endianness.
%
The following examples illustrate that termination behaviour on machine
integers can be completely different than on mathematical integers.  For
example, the program fragment
%
\begin{lstlisting}[numbers=none]
void foo1(unsigned n)
{
  for(unsigned x=0; x<=n; x++);
}
\end{lstlisting}
%
does terminate with mathematical integers, but does \emph{not} terminate
with machine integers if \texttt{n} equals the largest unsigned integer.
%
On the other hand, the program fragment
%
\begin{lstlisting}[numbers=none]
void foo2(unsigned x)
{
  while(x>=10) x++;
}
\end{lstlisting}
%
does not terminate with mathematical integers, but terminates with
machine integers because unsigned machine integers wrap around.
%

A second challenge is to make termination analysis scale to larger programs. 
The annual Software Verification Competition
(SV-COMP)~\cite{svbenchmarks} includes a division in termination
analysis, which reflects a representative picture of the state of the art. 
The SV-COMP 2016 termination benchmarks contain challenging termination
problems on smaller programs with at most 453 instructions \hbox{(average
53)}, feature at most seven functions \hbox{(average three)} and four loops
\hbox{(average one)}.

In this paper, we present a technique that we have successfully run on
programs that are one order of magnitude larger, containing up to 5000 instructions. 
Larger instances require different algorithmic techniques to scale, and we
conjecture that the key technique is a modular, interprocedural analysis
which decomposes a problem into sub-problems 
rather than a monolithic analysis which would put all its resources into 
solving the problem all at once.
%
Modular termination analysis raises several conceptual and practical
challenges that do not arise in monolithic termination analysers.  For
example, when proving termination of a program, a possible approach is
to prove that all {\function}s in the program terminate
\emph{universally}, i.e., in any possible calling context.
%
However, this criterion is too optimistic, as termination of individual
{\function}s often depends on the calling context,
i.e., {\function}s terminate \emph{conditionally} only in specific calling contexts.

The approach that we take is 
verifying universal program termination in a top-down manner by proving termination of
each {\function} relative to its calling contexts, and propagating upwards
which calling contexts guarantee termination of the {\function}.  It~is too
difficult to determine these contexts precisely; analysers thus compute
preconditions for termination.  A \emph{sufficient precondition} identifies
pre-states in which the {\function} will definitely terminate, and is
thus suitable for proving termination.  By contrast, a \emph{necessary
precondition} identifies pre-states in which the {\function} may
terminate.  Its negation are states in which the {\function} will not
terminate, which is useful for proving non-termination.

In this paper we focus on interprocedural termination analysis and
computation of sufficient preconditions for termination.
Preconditions enable information reuse, and thus scalability, as it is
frequently possible to avoid repeated analysis of parts of the code
base, e.g., libraries whose {\function}s are called multiple times or
parts of the code that did not undergo modifications between
successive analysis runs.
%
This paper is a short version of \cite{DBLP:journals/toplas/ChenDKSW18}.

%===============================================================================
\section{Overview of the Approach}\label{sec:overview}
%===============================================================================

We next introduce the architecture of our interprocedural
termination analysis.  Our analysis combines, in a non-trivial synergistic
way, the inference of invariants, summaries, calling contexts, termination
arguments, and preconditions, which have a concise characterisation in
second-order logic. 
%% At~the lowest level our approach relies on the solver back-end for
%% second-order problems described in Section~\ref{sec:sa}.
%% Details about the exact constraints solved by the back-end will
%% be given in Section~\ref{sec:interproc}.
%
To see how the different analysis components fit together, we now go through
the pseudo-code of our termination analyser (Algorithm~\ref{alg:interproc}). 
%
We use three global maps $\summaries^o$, $\invs^o$, and
$\preconditions^u$ to store the summaries, invariants and
preconditions that we compute for {\function}s $f$ of the program.
Note~that superscripts $o$ and $u$
in predicate symbols indicate over- and under-approximation, respectively.
%
Function $\mathit{analyze}$ is given the entry {\function}
$f_{\mathit{entry}}$ of the program as argument and proceeds in two analysis
phases.

Phase one is an \emph{over-approximate} forward analysis,
given in subroutine $\analyzeforward$, which 
recursively descends into the call graph from the entry point $f_{\mathit{entry}}$.
%
Subroutine $\analyzeforward$ infers for each {\function} call in $f$ an
over-approximating calling context $\callctx^o$, using {\function} summaries
and other previously-computed information.  Before analyzing a callee, the
analysis checks if the callee has already been analysed and whether the
stored summary can be re-used, i.e., if it is compatible with the new
calling context $\callctx^o$.
%
Finally, once summaries for all callees are available, the analysis infers loop
invariants and a summary for $f$ itself, which are stored for later re-use. 

The second phase is an \emph{under-approximate} backward analysis,
subroutine $\analyzebackward$, which infers termination preconditions.  
Again, we recursively descend into the call graph.
%
Analogous to the forward analysis, we infer for each {\function} call
in $f$ an under-approximating calling context $\callctx^u$
and recur only if necessary
(Line~\ref{line:bw_recurse}).
%
Finally, we compute the under-approximating precondition for termination
(Line~\ref{line:bw_precondterm}).
%
This precondition is inferred w.r.t.~the termination conditions that
have been collected: the backward calling context
(Line~\ref{line:bw_cond1}), the preconditions for termination of the
callees (Line~\ref{line:bw_cond2}), and the termination arguments for
$f$ itself.
%
The interested reader can find the descriptions of the subroutines $\mathit{join}^o$, $\mathit{join}^u$,
$\mathit{needToReAnalyze}^o$, and $\mathit{needToReAnalyze}^u$ in
\cite{DBLP:journals/toplas/ChenDKSW18}.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%% main algorithm %%%%%5%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

\begin{algorithm}[t]
\footnotesize
\KwGlobal $\summaries^o,\invs^o,\preconditions^u$\;
\Func{$\analyzeforward(f,\callctx^o_f)$}{
  \ForEach {{\function} call $h$ in $f$}
  {
%    // check whether summary exists and preconditons are fulfilled
    $\callctx^o_h = \compcallctx^o(f,\callctx^o_f,h)$\;
    \If{$\mathit{needToReAnalyze}^o(h,\callctx^o_h)$\label{line:needtoreanalze1}}
    {
     $\analyzeforward(h,\callctx^o_h)$\;
    }
  }
  $\mathit{join}^o((\summaries^o[f],\invs^o[f]),\compinvsummary^o(f,\callctx^o_f))$\label{line:fw_invsum}
}
\Func{$\analyzebackward(f,\callctx^u_f)$}{
  $\termconditions = \callctx^u_f$\label{line:bw_cond1}\;
  \ForEach {{\function} call $h$ in $f$}
  {
    $\callctx^u_h = \compcallctx^u(f,\callctx^u_f,h)$\;
    \If{$\mathit{needToReAnalyze}^u(h,\callctx^u_h)$\label{line:bw_recurse}}
    {
      $\analyzebackward(h,\callctx^u_h)$\;
    }
    $\termconditions \gets \termconditions \wedge \preconditions^u[h]$\label{line:bw_cond2}\;
  }
  $\begin{array}{@{}l@{}l}\mathit{join}^u(&\preconditions^u[f],\\
      &\compprecondterm(f,\invs^o[f],\termconditions);
      \end{array}$\label{line:bw_precondterm}
}
\Func{$\mathit{analyze}(f_\mathit{entry})$}{
  $\analyzeforward(f_\mathit{entry},\true)$\;
  $\analyzebackward(f_\mathit{entry},\true)$\;
  \Return $\preconditions^u[f_\mathit{entry}]$\;
}
\caption{\label{alg:interproc}
$\mathit{analyze}$}
\end{algorithm}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%

%% \paragraph{Challenges.} Our algorithm uses 
%% over- and under-approximation in a 
%% % novel,
%% systematic way in order to address 
%% the challenging problem of finding meaningful preconditions by a context-sensitive interprocedural termination analysis.
%% %
%% \begin{itemize}
%% %
%% \item The precondition in Definition~\ref{def:precond} admits the trivial
%% solution $\false$ for $\precond$.  How do we find a good candidate?  To this
%% end, we ``bootstrap'' the process with a candidate precondition: a single
%% value of $\vxin$, for which we compute a termination argument.
%% %
%% The key observation is that the resulting termination argument is typically
%% more general, i.e., it shows termination for many further entry states.
%% %
%% The more general precondition is then computed by precondition inference
%% w.r.t.~the termination argument.
%% %
%% \item A second challenge is to compute under-approximations.  Obviously, the
%% predicates in the definitions in Section~\ref{sec:prelim} can be
%% over-approximated using abstract domains such as intervals.
%% %
%% However, there are only few methods for under-approximating analysis.  In
%% this work, we use a method similar to \cite{CGL+08} to obtain
%% under-approximating preconditions w.r.t.~property~$p$: we infer an
%% over-approximating precondition w.r.t.~$\neg p$ and negate the result.  In
%% our case, $p$ is the termination condition $\termconditions$.
%% %
%% \end{itemize}

%-------------------------------------------------------------------------------
%% \begin{example}
%%   \cdcmt{If we want to keep this, then we need to explain some of the modeling..}
%% %
%% We illustrate the algorithm on the simple example given in
%% Figure~\ref{fig:example1} with the encoding given in Figure~\ref{fig:encoding1}. 
%% The entry {\function} \texttt{f} calls {\function} \texttt{h}. 
%% {\Function} \texttt{h} terminates if and only if its argument \texttt{y} is
%% non-zero, i.e., {\function} \texttt{h} only terminates conditionally.
%% The termination of {\function}~\texttt{f} depends on the
%% argument passed in the call to \texttt{h}.
%% For instance, passing an argument strictly greater than 0 guarantees
%% universal termination of {\function}~\texttt{f}.

%% Let us assume that unsigned integers are 32 bits wide, i.e., they range from
%% 0 to~$M$ (with $M=2^{32}{-}1$).  We use the interval abstract domain for
%% invariant, summary and precondition inference, but the abstract domain with
%% the elements $\{\true,\false\}$ that can only express reachability of a
%% {\function} call for calling contexts.  Thus, $\true$ means that the call is reachable, and
%% $\false$ means that it is unreachable.

%% Our algorithm proceeds as follows.  The first phase is
%% $\analyzeforward$, which starts from the entry {\function} \texttt{f}.
%% By descending into the call graph, we must compute an
%% over-approximating calling context $\callctx^o_{h}((p_{in}),(p_{out}))$ for {\function}
%% \texttt{h} for which no calling context has been computed before.
%% This calling context is $\true$ because the call is reachable.
%% %
%% Hence, we recursively analyse \texttt{h}.  Given that \texttt{h} does
%% not contain any {\function} calls, we compute the over-approximating
%% summary $\summary^o_h((y^{in}),(x^{out}))=(0{\leq} y^{in}{\leq} M \wedge 0 {\leq}
%% x^{out}{\leq} M)$ and invariant $\inv^o_h((x^s,y^s),(x,y)))=(0{\leq} x{\leq} M \wedge
%% 0{\leq} y{\leq} M)$.  Now, this information can be used in order to
%% compute $\summary^o_f((z^{in}),(w^{out}))=(0{\leq} z^{in}{\leq} M \wedge 0 {\leq}
%% w^{out}{\leq} M)$ and invariant $\inv^o_f((z^s),(z))=\true$ for the entry
%% {\function} \texttt{f}.
%% %
%% As explained in Section~\ref{sec:sa}, we use synthesis
%% techniques that iteratively call an SMT solver to optimise values
%% of template parameters in order to compute these predicates.

%% The backwards analysis starts again from the entry {\function}
%% \texttt{f}.  It computes an under-approximating calling context
%% $\callctx^u_{h}((p_{in}),(p_{out}))$ for {\function} \texttt{h}, which is
%% $\true$ (because \texttt{h} is always backwards reachable from
%% \texttt{f}'s exit point), before descending into the call graph.
%% %
%% It then computes an under-approximating precondition for termination
%% $\precond^u_{h}((y^{in})) = (1{\leq} y^{in}{\leq} M)$ or, more precisely, an
%% under-approximating summary whose projection onto the input variables of
%% \texttt{h} is the precondition $\precond^u_{h}$.
%% %
%% By~applying this summary at the call site of \texttt{h} in \texttt{f},
%% we can now compute the precondition for termination
%% $\precond^u_{f}((z^{in})) = (0{\leq} z^{in}{\leq} M)$ of \texttt{f}, which
%% proves universal termination of~\texttt{f}.

%% We illustrate the effect of the choice of the abstract domain on the
%% analysis of the example program.  Assume we replace the $\{\true,\false\}$
%% domain by the interval domain.  In~this case, $\analyzeforward$ computes%
%% \footnote{Note that $\lfloor\frac{M}{2}\rfloor+1 = 2^{31}$.}
%% %
%% \[ \callctx^o_{h}((p_{in}),(p_{out}))=(1{\leq} p_{in}{\leq} 2^{31}\wedge
%% 0{\leq} p_{out}{\leq} M)%
%% \]
%% %
%% The calling context is computed over the actual parameters $p_{in}$ and
%% $p_{out}$.  It~is renamed to the formal parameters $y^{in}$ and $x^{out}$ (the
%% return value) when $\callctx^o_{h}$ is used for constraining the
%% pre/postconditions in the analysis of \texttt{h}.
%% %
%% Subsequently, $\analyzebackward$ computes the precondition
%% for termination of \texttt{h} using the union of all calling contexts
%% in the program. Since \texttt{h} terminates unconditionally
%% in these calling contexts, we trivially obtain $\precond^u_{h}((y^{in})) =
%% (1{\leq} y^{in}{\leq} 2^{31})$, which in turn proves universal
%% termination of~\texttt{f}.
%% %
%% \end{example}

%% %+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
%% \subsection{A Worked Example: Bubble Sort}\label{sec:nested}
%% %+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

%% In this section, we illustrate the intraprocedural analysis on an
%% example with nested loops by using the Bubble Sort {\function}.  The
%% {\function} below takes an array \texttt{a} and the size \texttt{n} of
%% the array. Note that memory safety is an orthogonal issue. Therefore
%% we can assume that \texttt{n} indeed corresponds to the actual
%% size of \texttt{a}.
%% Moreover, we make use of \texttt{\_\_CPROVER\_assume(n>=0)} in
%% order to restrict the possible values of \texttt{n} to non-negative
%% array sizes and thus prevent the underflow in the loop condition
%% \texttt{x<n-1} of the outer loop. The  {\function} \texttt{swap} is 
%% assumed to be terminating.

%% \begin{lstlisting}
%% void sort(int n, int a[])
%% {
%%   __CPROVER_assume(n>=0);
  
%%   for(int x=0; x<n-1; x++)
%%     for(int y=0; y<n-x-1; y++)
%%       if(a[y]>a[y+1])
%%         swap(a[y], a[y+1]);
%% }
%% \end{lstlisting}

%% We give the encoding of this {\function} into our program model below.
%% The guard $g$ expresses reachability of the head of the inner loop.
%% The outer loop has guard $\true$.
%% %
%% $$
%% \begin{array}{lrrl}

%% \multicolumn{3}{l}{\init((n^{in}, a^{in}),(n^s, a^s, x^s, y^s, g^s))~=~\big( (n^s = n^{in}) \wedge 
%%     (a^s = a^{in}) \wedge
%%     (x^s = 0) \wedge
%%     \neg g^s \big)} \\[1ex]
%% %
%% \multicolumn{3}{l}{\assumptions((n^s, a^s, x^s, y^s, g^s),(n, a, x, y, g))~=~(n^s \geq 0)} \\[1ex]
%% %
%% \end{array}
%% $$

%% $$
%% \begin{array}{lrrl}
%% %
%% \multicolumn{3}{l}{\trans((n, a, x, y, g),(n', a', x', y', g'))~=}\\
%% %(2 \leq n \leq 100) \wedge
%% &\big( \neg g \wedge (x < n - 1) \Longrightarrow\\
%% &\multicolumn{2}{r@{\qquad}}{(n' = n) \wedge (a' = a) \wedge (x' = x) \wedge (y' = 0) \wedge g' \big)} & (A)\\
%% &\wedge~\big(  g  \wedge \neg (y < n - x - 1) \Longrightarrow\\
%% &\multicolumn{2}{r@{\qquad}}{(n' = n) \wedge (a' = a) \wedge (x' = x + 1) \wedge (y' = y) \wedge \neg g' \big)}& (B) \\
%% &\wedge~\big( g  \wedge (y < n - x - 1) \wedge (a[y] > a[y+1] \Longrightarrow \\
%% &\multicolumn{2}{r@{\qquad}}{(n' = n) \wedge (a' = swap(a[y], a[y+1])) \wedge (x' = x) \wedge (y' = y + 1) \wedge g' \big)} & (C)\\
%% &\wedge~\big( g  \wedge (y < n - x - 1) \wedge \neg (a[y] > a[y+1]) \Longrightarrow\\
%% &\multicolumn{2}{r@{\qquad}}{(n' = n) \wedge (a' = a) \wedge (x' = x) \wedge (y' = y + 1) \wedge g' \big)}& (D) \\
%% %0 \leq n \leq 2^{31}-1) \wedge
%% &\wedge~\big( \neg (x < n - 1) \Longrightarrow\\
%% &\multicolumn{2}{r@{\qquad}}{(n' = n) \wedge (a' = a) \wedge (x' = x) \wedge (y' = y) \wedge (g' = g)\big)}& (E)\\[1ex]
%% %
%% \multicolumn{3}{l}{\fout((n^s, a^s, x^s, y^s, g^s),(n, a, x, y, g),(a^{out}))~=~
%%   (a^{out} = a)}

%% \end{array}
%% $$

%% The five cases (A)--(E) in $\trans$ describe the following path segments of
%% the {\function}: (A)~from the loop head of the outer loop to the loop head
%% of the inner loop; (B)~from the loop head of the inner loop to the loop head
%% of the outer loop, i.e., exiting the inner loop; (C)~an iteration of the
%% inner loop entering the if statement; (D)~an iteration of the inner loop not
%% entering the if statement; and (E)~exiting the outer loop.

%% We obtain the following invariant ($\true$ is the guard of the loop head of
%% the outer loop and $g$ is the guard of the loop head of the inner loop):
%% %
%% $$
%% % (0 <= n <= 2^{31}-1)
%% (\true \Longrightarrow 0\leq x\leq 2^{31}-2) \wedge (g \Longrightarrow 0\leq y\leq 2^{31}-2)
%% $$
%% and the following termination argument:
%% % (0 <= n <= 2^{31}-1)
%% $$
%% \big(\neg g \wedge (x<n-1) \wedge \neg g' \Longrightarrow (-1 \cdot (x - x') + 0 \cdot (y - y')) > 0\big)
%% \wedge \big(g \wedge g' \Longrightarrow (-1 \cdot (y - y') > 0)\big).
%% $$
%% This means that the outer loop terminates because of the increasing variable $x$ and the inner loop due to the increasing variable $y$. Both variables are bounded by the invariant.
%% Note that, in this example, the ranking function requires only one component.

%===============================================================================
\section{Results and Discussion}\label{sec:exp}
%=============================================================================== 

We implemented the approach in \toolname, a~static
analysis tool for C programs~\cite{SK16}.  %% Our instantiation of the
%% algorithm uses template polyhedra and lexicographic, linear ranking
%% functions templates.  The analysis is bit-precise and purely relies on
%% SAT-solving techniques. We discuss our findings in the rest of this
%% section. 
%% We performed experiments to support the
%% following claims:
%% \begin{compactenum}
%% \item Interprocedural termination analysis (IPTA) is faster than
%%   monolithic termination analysis (MTA).
%% \item The precision of IPTA is comparable to MTA.
%% \item {\toolname} is competitive with termination analysis tools on
%%   procedural programs.
%% \item {\toolname}'s analysis is bit-precise.
%% \item {\toolname} computes valuable preconditions for termination.
%% \end{compactenum}
%
Interprocedural termination analysis (IPTA) is the approach presented
in this article; monolithic termination analysis (MTA) is IPTA applied
to the program where all procedures are inlined.
%
We used the \emph{product line} benchmarks of the \cite{svbenchmarks} benchmark repository.
In contrast to other categories, this benchmark set contains programs
with non-trivial procedural structure.
%
This benchmark set contains 597 programs with 1100 to 5700 lines of code (2705 on average),
%
33 to 136 {\function}s (67 on average), and four to ten loops (5.5 on average).
%
Of these benchmarks, 264 terminate universally, whereas 333 never
terminate when starting from \texttt{main}.

%% The experiments were run on a
%% Xeon E3-1270 at 3.6\,GHz
%% running CentOS 7.2 with 64-bit binaries.
%% %
%% Memory and CPU time were restricted to 16\,GB and 1800 seconds per
%% benchmark, respectively (following~\cite{Rou11}). We have observed that
%% interval templates are sufficient to obtain reasonable precision.%
%% \footnote{We provide a replication package for the experiments at
%%   \url{http://www.cprover.org/termination/modular/replication-package.tgz}. }

%-------------------------------------------------------------------------------
\paragraph{Modular termination analysis is fast}
%
We compared IPTA with MTA.
%
Table~\ref{tab:results2} shows that the total analysis time of IPTA
is 5.3 times lower than the time taken by MTA. The geometric mean speed-up of IPTA
w.r.t.~MTA on those benchmarks for which both approaches return a
definitive answer (terminating or non-terminating) is
2.02.

%-------------------------------------------------------------------------------
\paragraph{Modular termination analysis is precise}
%
We compare IPTA with MTA.
%
Table~\ref{tab:results2} shows that IPTA proves 99.6\,\% of the
terminating benchmarks, whereas 88.6\,\% were proven by MTA.
%
MTA can prove 98.5\,\% of the non-terminating benchmarks including 8
benchmarks that IPTA classifies potentially non-terminating due to
imprecision by the use of summaries to handle function
calls.
%
Therefore neither approach is strictly better than the other.

%%%%%%%%%%%%%%%%%%%% precision inline vs interproc  %%%%%%%%%%%%%%%%%%%%%%%%%%%
\begin{table}[t]
\caption{\label{tab:results2}Tool comparison}
\footnotesize
\begin{tabular}{l|r|rrrrrr}
 & \rot{expected} &\rot{{\toolname} IPTA} & \rot{{\toolname} MTA}
 & \rot{\tantoolname} & \rot{\ultimatetoolname}
 & \rot{\parbox{0.15\textwidth}{llvm2kittel+\\T2}}
 & \rot{\parbox{0.15\textwidth}{llvm2kittel+\\KITTeL}} \\
\hline
terminating                 &264& 263  & 234  &  18  & 150 &   6 & 178\\
non-terminating             &333& 320  & 328  &   3  & 325 & 135 &  --\\
potentially non-terminating &---&  14  &  35  & 425  &   0 &   0 &   4\\
timed out                   &---&   0  &   0  & 151  & 118 &  61 & 233\\
out of memory               &---&   0  &   0  &   0  &   4 & 111 & 182\\
errors                      &---&   0  &   0  &   0  &   0 & 284 &   0\\
\hline
total run time (h)          &---& 0.35 & 1.88 & 92.8 &63.6 & 42.9& 144.9 \\ 
\end{tabular}
\end{table}
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%-------------------------------------------------------------------------------
\paragraph{{\toolname} is competitive with existing termination analysis tools
on procedural programs}
%
We tried to compare {\toolname} with 10 termination tools for C
programs.
We succeeded to run the following 4 tools,
namely~{\tantoolname}~\cite{tan2014},
%\footnote{\url{http://www.cprover.org/termination/}, version SV-COMP-2013}
{\ultimatetoolname}~\cite{Ultimate2016},
%\footnote{\url{http://ultimate.informatik.uni-freiburg.de/}, version
%SV-COMP-2015}
T2~\cite{MSt2}, and
KITTeL~\cite{KITTeL2016}.
For the latter two tools we used the front-end
llvm2KITTeL~\cite{llvm2KITTeL2016} for generating the required input
formats.
%Moreover, we tried AProVE~\cite{Aprove2016}, CppInv~\cite{CppInv15}
%and SeaHorn~\cite{SeaHorn16}, but these tools abort with errors (either
%during parsing or later when translating into an SMT formula) on all benchmarks.
%We~include these results in the replication package.
%
%Unfortunately, the tools 
%\footnote{\url{http://aprove.informatik.rwth-aachen.de}, version 2014}
%\cite{ARMC2011},
%\footnote{\url{https://www7.in.tum.de/~rybal/armc/}, version August 2011}
%Loopus~\cite{Loopus},
%\footnote{\url{http://forsyte.at/software/loopus/} with \url{http://sourceforge.net/projects/virtualboximage/files/Ubuntu\%20Linux/11.10/ubuntu_11.10-x86.7z/download}}
%ARMC~\cite{ARMC2011},
%FuncTion~\cite{FuncTion2015}, and
%HipTNT~\cite{HipTNT}
%\footnote{\url{http://www.di.ens.fr/~urban/sv-comp2015.zip}, version SV-COMP-2015}
%have limitations
%regarding the subset of C that they can handle that make them unable
%to analyze any of the benchmarks out of the box.
%Additionally \cite{HSF(C)}'s
%frontend only generates Horn clauses from a proof rule for safety and, 
%in order to use it for termination, we would need to do some manual instrumentation.
%
%\footnote{\url{http://research.microsoft.com/en-us/projects/t2/},
%version 2014-10}
%Also, the other frontend for T2, SLAyer~\cite{SLAyer11}, is
%currently not available.
%
%We provide details on our experiences with all these tools on our website.%
%\footnote{\url{http://www.cprover.org/termination/modular/results-logs.txt}.}
%
\tantoolname~\cite{KSTW10}
and KITTeL~\cite{FKS12} support bit-precise C semantics.
%
\ultimatetoolname uses mathematical integer reasoning but tries to ensure
conformance with bit-vector semantics.
%
For each of the tools, Table~\ref{tab:results2} lists the 
number of instances solved, timed out, run out of memory or aborted because of an
internal error.
%
None of the tools reported wrong results w.r.t.\ the expected
outcome (column ``expected'').

\ultimatetoolname proves 56.8\,\% of the terminating benchmarks
correctly, and 97.6\,\% of the non-terminating ones.
%
T2 proved 2.3\,\% of the terminating benchmarks and 40.5\,\% of the
non-terminating ones, whereas KITTeL proved 67.4\,\% of the terminating
ones. KITTeL cannot prove non-termination.
%
The comparison with the latter two tools suffered from the
deficiencies of the available front-ends. llvm2KITTeL timed out on some
benchmarks and was unable to generate syntactically correct T2 files
for almost half the benchmarks (error).

This suggests that current termination tools are quite specialised in
handling and performing well on different sets of benchmarks, which
makes it difficult to compare them in a fair manner. 

Our results show that the technique implemented in {\toolname} is very
efficient in analyzing procedural programs.  However, one has to be
careful in comparing the run times as the tools have different
capabilities w.r.t.\ finding termination and non-termination
arguments.  In particular, {\toolname} uses relatively weak
abstractions (linear lexicographic ranking functions and very simple
polyhedral invariants), which make it very fast, but these
abstractions are not expressive enough to provide as complex
termination arguments as the other tools are able
produce. Implementing more powerful domains is ongoing work.

%Regarding non-termination, {\toolname} can currently only show that a
%program never terminates for all inputs, whereas \ultimatetoolname and
%T2 can show that there exists a non-terminating execution for some
%inputs. An extension of {\toolname} w.r.t.\ this capability is ongoing
%work.

%-------------------------------------------------------------------------------
%\paragraph{{\toolname}'s analysis is bit-precise}
%
%To demonstrate that one has to be careful when using tools that are
%not bit-precise for proving termination of C programs, we compared
%{\toolname} with Loopus, a tool that uses mathematical integers, on a
%collection of 15 benchmarks (\texttt{ABC\_ex01.c} to
%\texttt{ABC\_ex15.c}) taken from the Loopus benchmark
%suite~\cite{Loopus}.
%
%While they are short (between 7 and 41 LOC), the
%main characteristic of these programs is the fact that they exhibit
%different terminating behaviours for mathematical integers and
%bit-vectors.

More detailed results and an evaluation of precondition generation can
be found in~\cite{DBLP:journals/toplas/ChenDKSW18}.

%% As a further example, 
%% let us consider the two {\function}s in
%% Figure~\ref{fig:example-fp}, which involve \emph{floating-point arithmetic}.
%% We assume that the argument for \texttt{x}
%% that is passed to the {\function}s is
%% not NaN, i.e., \texttt{-FLT\_MAX<=x \&\& x<=FLT\_MAX} (using the constants
%% defined in \texttt{float.h}). For NaN these loops would trivially
%% terminate because any comparison with NaN is \emph{false}. 
%% %
%% Obviously, a tool that interprets \texttt{x} as a rational or
%% real-valued variable would classify both {\function}s non-terminating.
%% %
%% However, {\toolname} uses a bit-precise interpretation of \texttt{x}
%% and determines that \texttt{h} is terminating whereas \texttt{g} is
%% non-terminating (with round-to-nearest/ties-to-even rounding mode).
%% %
%% The reason why this happens is that \texttt{x} gets eventually rounded
%% to \texttt{0.0f} in \texttt{h}, whereas in \texttt{g} it keeps being
%% rounded up to the \texttt{FLT\_MIN} (the smallest representable
%% floating-point number above zero) and therefore never reaches zero.

%% \begin{figure}
%% \centering
%% \begin{tabular}{l@{\hspace{10em}}l}
%% \begin{lstlisting}
%% void h(float x)
%% {
%%   while(x>0.0f)
%%     x *= 0.1f;
%% }
%% \end{lstlisting} 
%% &
%% \begin{lstlisting}
%% void g(float x)
%% {
%%   while(x>0.0f)
%%     x *= 0.9f;
%% }
%% \end{lstlisting} 
%% \end{tabular}
%% \caption{Examples of loops with floating-point arithmetic\label{fig:example-fp}}
%% \end{figure}


%% %+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
%% \section{Limitations, Related Work and Future Directions}
%% %+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

%% Our approach makes significant progress towards analysing real-world
%% software, advancing the state of the art of termination analysis of large
%% programs.  Conceptually, we decompose the analysis into a sequence of
%% well-defined second-order predicate logic formulae with existentially
%% quantified predicates.  In addition
%% to~\cite{DBLP:conf/pldi/GrebenshchikovLPR12}, we consider context-sensitive
%% analysis, under-approximate backwards analysis, and make the interaction
%% with termination analysis explicit.  Notably, these seemingly tedious
%% formulae are actually solved by our generic template-based synthesis
%% algorithm, making it an efficient alternative to predicate abstraction.

%% An important aspect of our analysis is that it is bit-precise.  As
%% opposed to the synthesis of termination arguments for linear programs
%% over integers (rationals)
%% \cite{CPR06b,LWY12,B13,PR04a,HHLP13,BMS05,CSZ13,DBLP:journals/jacm/Ben-AmramG14,GMR15},
%% this subclass of termination analyses is substantially less covered.
%% Moreover, \cite{CPR06b} construct 
%% a termination argument as a disjunction of
%% ranking functions for paths, which has the drawback of having to
%% consider the transitive closure of the transition relation when
%% checking for disjunctive well-foundedness of the termination
%% argument. We incrementally (in the number of components)
%% construct a lexicographic ranking function, which is disjunctively
%% well-founded by construction.

%% While~\cite{KSTW10} and \cite{CKRW10} present methods based on a
%% reduction to Presburger arithmetic, and a template-matching approach
%% for predefined classes of ranking functions based on reduction to SAT-
%% and QBF-solving. \cite{FKS12} and \cite{HGFS16} present restricted
%% encodings of machine integer semantics into integer arithmetic.
%% \cite{MMP16} use rational enclosures of floating point arithmetic 
%% in order to reuse existing techniques that use reasoning over rationals.
%% \cite{DBLP:conf/esop/DavidKL15} synthesise intraprocedural
%% termination arguments in the form of unrestricted boolean functions.

%% There are still a number of limitations to be addressed, all of which
%% connect to open challenges subject to active research.  While some are
%% orthogonal (e.g., data structures, strings, refinement) to our
%% interprocedural analysis framework, others (recursion, necessary
%% preconditions) require extensions of it.
%% %
%% In this section, we discuss related work, as well as, characteristics and limitations
%% of our analysis, 
%% and future directions (cost analysis and concurrency).

%% \paragraph{Dynamically allocated linked data structures}
%% We currently ignore such data structures.
%% This limitation could be lifted by
%% using specific abstract domains.  For illustration, let us
%% consider the following example traversing a singly-linked list.

%% \begin{lstlisting}[numbers=none]
%%   List x;
%%   while (x != NULL) { x = x->next; }
%% \end{lstlisting}

%% Deciding the termination of such a program requires knowledge about the
%% shape of the data structure pointed by~$x$, namely, the program only
%% terminates if the list is acyclic.  Thus, we would require an abstract
%% domain capable of capturing such a property and also relate the shape of the
%% data structure to its length.  Similar to \cite{CSZ13}, we could use a
%% technique introduced by \cite{DBLP:conf/popl/MagillTLT10} in order to
%% abstract heap-manipulating programs to arithmetic ones; they introduce
%% additional ghost variables that symbolically record a snapshot of the
%% depths of pieces of the heap used by the list.
%% %
%% Another option is using an abstract interpretation based on separation
%% logic formulae that tracks the depths of pieces of heaps similarly
%% to~\cite{DBLP:conf/cav/BerdineCDO06} and~\cite{MDR16}.  Examples of
%% analysers that do consider the heap are AProVE~\cite{GAB+17},
%% \mbox{JULIA}~\cite{DBLP:journals/toplas/SpotoMP10}, and
%% COSTA~\cite{AAG+07}.  The former focuses on the termination of term
%% rewrite systems and, in order to analyze programs, it transforms them
%% into a symbolic execution graph.  Sharing effects of heap operations
%% in Java, pointer arithmetic and memory safety in C are handled when
%% generating this graph.  The termination analysis in JULIA is based on
%% a path-length abstraction and it is targeted at Java bytecode.  As
%% opposed to our analysis, none of these generates preconditions for
%% termination or is bit-precise.
%% %
%% When applying these solution, we would assume that the length of
%% each list is bounded by a constant. Note that a bound such as $2^{64}$
%% is sufficient to verify every program running on a 64-bit processor.

%% \paragraph{Strings and arrays} 
%% %
%% Similar to dynamically allocated data structures, handling strings and
%% arrays requires specific abstract domains.  String abstractions
%% (e.g.~\cite{DRS01}) that reduce null-terminated strings to integers
%% (indices, length, and size) are usually sufficient in many practical
%% cases; scenarios where termination is dependent on the content of
%% arrays (e.g.~\cite{AAG+14} are much harder and would require quantified
%% invariants~\cite{DBLP:conf/tacas/McMillan08}.  Note that it is
%% favourable to run a safety checker before the termination checker.
%% The latter can assume that assertions for buffer overflow checks hold
%% which strengthens invariants and makes termination proofs easier.

%% \paragraph{Recursion}
%% %
%% We currently use downward fixed point iterations for computing calling
%% contexts and invariants that involve summaries (see
%% Remark~\ref{rem:ipfixpoint}).
%% %
%% This is cheap but gives only imprecise results in the presence of
%% recursion, which would impair the termination analysis.
%% %
%% We could handle recursions by detecting cycles in the call graph and
%% switching to an upward iteration scheme in such situations.  Moreover, an
%% adaptation regarding the generation of the ranking function templates is
%% necessary.  An alternative approach would be to make use of the theoretic
%% framework presented by~\cite{PSW05} for verifying total correctness and
%% liveness properties of while programs with recursion that could be used for
%% the verification of termination properties.

%% \paragraph{Template refinement}
%% %
%% We currently use interval templates together with heuristics for
%% selecting the variables that should be taken into consideration.
%% %
%% This is often sufficient in practice, but it does not exploit
%% the full power of the machinery in place.
%% %
%% While counterexample-guided abstraction refinement (CEGAR) techniques are
%% prevalent in predicate abstraction~\cite{CGJ+00}, attempts to use them in
%% abstract interpretation are rare~\cite{RRT08}.
%% %
%% We consider our template-based abstract interpretation that
%% automatically synthesises abstract transformers more amenable to
%% refinement techniques than classical abstract interpretations where
%% abstract transformers are implemented manually.

%% \paragraph{Sufficient preconditions to termination}
%% %
%% Conditional termination has recently attracted increased
%% interest~\cite{CGL+08,BIK12,GantyG13,DBLP:journals/entcs/Masse12,Masse14,UrbanM14,UM17}. 
%% In this paper, we
%% compute \emph{sufficient} preconditions, i.e., under-approximating
%% preconditions to termination via computing over-approxima\-ting
%% preconditions to potential non-termination.  The same concept is used
%% by other works~\cite{CGL+08,BIK12,GantyG13,UrbanM14}.
%% However, they consider only a single {\function} and do not leverage
%% their results to perform interprocedural analysis on large benchmarks
%% which adds, in particular, the additional challenge of propagating
%% under-approximating information up to the entry {\function}.
%% %
%% Moreover, in contrast to~\cite{CGL+08}, who use a heuristic
%% \textsc{Finite}-operator left unspecified for bootstrapping their
%% preconditions, our bootstrapping is systematic through constraint
%% solving.

%% The inference of conditions under which programs are guaranteed to
%% terminate has also been an active area of research in the context of
%% logic programming.  In \cite{DBLP:journals/tplp/KingL02}, the authors
%% use a backward analysis to infer conditions on a query which, if
%% satisfied, guarantee that resulting derivations satisfy propertis such
%% as termination, whereas in \cite{DBLP:journals/tplp/GenaimC05} Genaim and
%% Codish combine traditional termination analysis and backwards analysis
%% to infer modes for which a logic program is guaranteed to terminate.
%% In \cite{DBLP:conf/iclp/Mesnard96}, Mesnard et al. compute a termination
%% condition ensuring that the Prolog computation tree for a certain goal
%% is finite. \cite{UM17} aim at inferring sufficient precondition for 
%% certain subclasses of liveness properties.


%% We could compute \emph{necessary} preconditions by computing
%% over-approximating preconditions to non-termination (and
%% negating the result).  This requires a method for proving
%% that there exist non-terminating executions, which is a well-explored
%% topic.
%% %
%% While~\cite{GHM+08} dynamically enumerate lasso-shaped candidate paths for
%% counterexamples, and then statically prove their feasibility, \cite{CCF+14}
%% prove non-termination via reduction to safety proving and
%% \cite{DBLP:conf/pldi/LeQC15} use bi-abduction to construct summaries of
%% terminating and non-terminating behaviours for each method.
%% %
%% \cite{Masse14} uses policy iteration techniques 
%% in order to compute an over-approximation of the potentially
%% non-terminating states.
%% In order to prove both termination and non-termination, \cite{HLNR10}
%% compose several program analyses (termination provers for multi-path
%% loops, non-termination provers for cycles, and %global
%% safety provers).

%% \paragraph{Cost analysis}
%% %
%% A potential future application for our work is cost and resource analysis. 
%% Instances of this type of analyses are worst case execution time (WCET)
%% analysis~\cite{WEE+08,KKZ11,DBLP:conf/lpar/KnoopKZ12}, as well as bound and amortised complexity
%% analysis~\cite{ADFG10,DBLP:journals/tcs/AlbertAGPZ12,SZV14,DBLP:conf/aplas/Flores-MontoyaH14,DBLP:journals/toplas/BrockschmidtE0F16}.
%% %
%% A symbolic bound is calculated by expressing the complexity function as a
%% system of recurrence relations; combinatorial techniques are then used to
%% solve these relations.  Automatic techniques for computing closed-form
%% solutions of recurrence relations are based on rewriting
%% rules~\cite{met88,ros89} or solving difference equations using symbolic
%% algebra manipulation systems~\cite{weg75,KKZ11,DBLP:conf/lpar/KnoopKZ12}.
%% %
%% The control flow refinement approach~\cite{GJK09,CML13}
%% instruments a program with counters and uses progress invariants to
%% compute worst case or average case bounds.

%% \paragraph{Concurrency}
%% %
%% Our current analysis handles single-threaded C programs.  We envisage
%% extending the analysis to multi-threaded C programs.  One way of
%% extending the analysis to multi-threaded programs is using the
%% rely-guarantee technique which is proposed by~\cite{Jon83}, and
%% explored in several works~\cite{CPR07,GPR11,PR12,AFGM17} for termination
%% analysis.  In our setting, the predicates for environment assumptions
%% can be used in a similar way as invariants and summaries are used in
%% the analysis of sequential programs.  Other approaches to checking
%% termination of multi-threaded programs characterize the existence of
%% non-terminating executions as concurrent traces and apply
%% causality-based transformation rules to refine them until a
%% contradiction can be shown \cite{DBLP:conf/cav/KupriyanovF14}.

%% %===============================================================================
%% \section{Conclusions}\label{sec:concl}
%% %===============================================================================

%% Many termination provers mainly target small, hard programs, and
%% consequently, the termination analysis of larger code bases has received
%% little attention.
%% %
%% We present an algorithm for \emph{interprocedural termination analysis} for
%% non-recursive programs.  We
%% describe in full detail the entire machinery necessary to perform such an
%% analysis.
%% %
%% Our approach relies on a bit-precise static analysis combining SAT/SMT solving,
%% template polyhedra and lexicographic, linear ranking function templates.
%% %
%% We provide an implementation of the approach in the static analysis tool
%% \toolname, and demonstrate the applicability of the approach to programs
%% with thousands of lines of code.
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