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\section{Introduction}

Matrix interpretations \cite{MatrixJAR} are widely used in automated complexity analysis
of term rewrite systems.
We consider the approach where from a matrix interpretation one extracts a nonnegative square matrix
$A \in \reals_{\ge0}^{n\times n}$ such that $\OO(\max_{1 \leq i,j \leq n}(A^k)_{ij} \cdot k)$ 
is a bound for the interpretation of a (specific) term of size 
$k$ \cite{MSW08}.
Hence, the growth rate of the entries of $A^k$ can be used to determine an upper bound on
the complexity of the rewrite system.

In this paper we concentrate on algebraic means to investigate the growth rate
of $A^k$.
We use the following notions:
$\cp$
denotes the characteristic polynomial of matrix $A$,
eigenvalues are the roots of $\cp$,
maximal eigenvalues are those of the maximum norm,
and the maximum norm is the spectral radius $\sr$.
A Jordan block for some eigenvalue $\lambda$ is a square matrix $B$ with $B_{ii} = \lambda$, 
$B_{i(i+1)} = 1$, and $B_{ij} = 0$ otherwise. We write $B(s,\lambda)$ to indicate
that a Jordan block has size $s$ and eigenvalue $\lambda$.
A diagonal composition $J$
of Jordan blocks is a Jordan normal form of $A$ if
$A = PJP^{-1}$ for some invertible matrix $P$;
$J$ is unique up to permutation of the Jordan blocks,
so we call them \emph{the Jordan blocks of} $A$.

Jordan blocks are an important utility to characterize matrix growth, cf.\@ \rTH{complexity theorem}.
This theorem was formalized in Isabelle/HOL \cite{Isabelle,CPP16} when formalizing the complexity
criteria provided by Neurauter et~al.\ \cite{MMNWZ11,NZM10}. It was used in \ceta \cite{ceta} until year 2017 
in order to check matrix growth rates. 

\begin{theorem}[Matrix Growth via Algebraic Methods]
\label{complexity theorem}
Let $A \in \mathbb{C}^{n\times n}$. 
\begin{itemize}
\item The entries in $A^k$ are polynomially bounded in $k$ iff $\sr \leq 1$.
\item The entries in $A^k$ are bounded by $\OO(k^d)$ iff $\sr \leq 1$ and
  for all eigenvalues $\lambda$ of $A$ with $|\lambda| = 1$
  and for all Jordan blocks $B(s,\lambda)$ of $A$, $s \leq d+1$.
\end{itemize}
\end{theorem}

Using \rTH{complexity theorem} it seems easy to decide the asymptotic growth rate of a matrix: one
can compute all eigenvalues, compute their maximal norms to test $\sr \leq 1$, 
and then  compute all Jordan blocks of $A$ for eigenvalues with norm 1 and determine their maximal size. 

The problem is that in general the eigenvalues of a matrix are quite complex to compute. Even
if all matrix entries are integers or rational numbers, the eigenvalues are complex algebraic numbers.
Hence, applying \rTH{complexity theorem} directly requires expensive algebraic number 
arithmetic. 

The aim of this work is to reduce the complexity of applying \rTH{complexity theorem} for an important 
class of matrices: non-negative real square matrices $\reals_{\ge0}^{n\times n}$.

Several properties of non-negative real matrices are studied by Perron and Frobenius \cite{frobenius,perron}. 
We already formalized several of them
in developing an efficient certifier for checking matrix growth,
for instance \rTH{pf improved} \cite{cpp2018}.
 
\begin{theorem}
\label{pf improved}
The characteristic polynomial $\cp$ of $A \in \reals_{\ge0}^{n\times n}$ can be factored into
\begin{equation*}
\cp(x) = f(x) \cdot \prod_{k \in K}(x^k - \sr^k)
\end{equation*}
where 
$K$ is a non-empty multiset of positive integers,
and $f$ is a polynomial
whose complex roots have a norm strictly 
less than $\sr$.
\end{theorem}

Note that \rTH{pf improved} has at least three implications. First, $\sr$ itself is an eigenvalue,
so $\sr \leq 1$ is the same as demanding that $\cp$ has no \emph{real} eigenvalue above 1---%
a criterion which can be efficiently decided by Sturm's method. 
Second, it permits us to replace the computation of \emph{all} eigenvalues in \rTH{complexity theorem}
by a computation which only involves roots of unity of degree at most $n$.
Third, $\sr$ has the maximum algebraic multiplicity among all maximal eigenvalues.

For a precise and efficient growth rate analysis,
in this paper we further prove a conjecture in \cite[Section~7]{cpp2018}:
$\sr$ also has the largest Jordan blocks among all maximal eigenvalues.
Previously we only had a partial result
for matrices of dimension up to 4.

We also derive some consequences
in \rSC{sec:consequences}.

\section{Largest Jordan Blocks for Non-Negative Real Matrices}
\label{sec:main}
The following \rTH{large jb} is the key new result of this paper. It has been formalized in Isabelle/HOL
and will be available in the archive of formal proofs \cite[for Isabelle 2018]{PF-AFP}.

\begin{theorem}
\label{large jb}
Let $A \in \reals_{\ge0}^{n\times n}$ and
$\lambda$ be a maximal eigenvalue of $A$.
For every Jordan block $B(s,\lambda)$ of $A$,
there exists a Jordan block $B(t,\sr)$ of $A$ with $t \geq s$.
\end{theorem}

\begin{proof} 
W.l.o.g.\ we assume $\sr = 1$, since otherwise we can just perform a scalar multiplication
of $A$ by $\frac1{\sr}$ (The case $\sr = 0$ is trivial).

Let $A = PJP^{-1}$ be the Jordan decomposition of $A$.
Let $e_i$ denote the $i$-th unit-vector. 
Let $E$ be the set of maximal eigenvalues of $A$, i.e., eigenvalues $\lambda$ with $|\lambda| = 1$.
Let $m$ be the size of a largest Jordan block among all blocks with eigenvalues in $E$.
By \rTH{pf improved} all eigenvalues $\lambda$ with $|\lambda| = 1$ are roots of unity,
i.e.,
we have a positive integer $d_\lambda$ such that $\lambda^{d_\lambda} = 1$.

\newcommand\tendsto{\stackrel{k \to \infty}\longrightarrow}
\newcommand\tendstor{\stackrel{\infty \gets k}\longleftarrow}

Define
\begin{align*}
c & = \prod_{0 \leq i < m-1} (m - 1 - i) &
D & = \prod_{\lambda \in E} d_\lambda &
K_\ell\ k & = D \cdot k + \ell + m-1
\end{align*}
It is easy to prove $c > 0$. Moreover, if $\lambda \in E$, then 
$\lambda^{K_\ell\ k}$ does not depend on $k$.
\[
\lambda^{K_\ell\ k} 
= (\lambda^{D})^k \cdot \lambda^\ell \cdot \lambda^{m-1} 
= 1^k \cdot \lambda^\ell \cdot \lambda^{m-1} 
= \lambda^\ell \cdot \lambda^{m-1}.
\]
Moreover for any Jordan Block $\JB$ of size $s$ with eigenvalue $\lambda$ of $A$ 
and any valid position of $\JB$ we get the following 
limit:
\begin{equation}
\label{Isab1}
\frac{c(\JB^{K_\ell\ k})_{ij}}{(K_\ell\ k)^{m-1}} 
= \frac{c \binom{K_\ell\ k}{j - i}\lambda^{K_\ell\ k+i-j}}{(K_\ell\ k)^{m-1}} \tendsto \begin{cases}
\lambda^\ell & \text{if $m = s = j$, $i = 1$, and $\lambda \in E$} \\
0 & \text{otherwise}
\end{cases}
\end{equation}
The equality in \rSub{Isab1}  
is just the closed form for powers of Jordan blocks,
and we shortly illustrate by a case analysis why the limit is correct.
\begin{itemize}
\item If $\lambda \notin E$ then there is an exponential decrease in the
  $\lambda^{\ldots k \ldots}$ expression whereas the remaining expression
  grows at most polynomial. So the limit will be 0.
\item If $\lambda \in E$, but $m = j \wedge i = 1$ does not hold, then
  the norm of the numerator will be a polynomial of smaller degree
  than the polynomial in the denominator. So, again the limit will be 0.
\item Finally, if $m = j$, $i = 1$, and $\lambda \in E$, then both
  the numerator and the denominator will be polynomials of the same degree,
  and $c$ has been defined in a way that the limit will be precisely $\lambda^\ell$.
\end{itemize}

The next step is to lift \rSub{Isab1} from single Jordan blocks to
the complete Jordan normal form $J$.
Let us define $I$ as the set of last-row indices of those Jordan blocks of $J$ 
which have size $m$ and a maximal eigenvalue. 
So, in particular $I$ is non-empty. Then from \rSub{Isab1} we 
immediately get the following consequence
where $\lambda_i = J_{ii}$ is the eigenvalue corresponding to row $i$.
\begin{equation}
\label{tendJ}
\frac{c(J^{K_\ell\ k})_{ij}}{(K_\ell\ k)^{m-1}} \tendsto \begin{cases}
\lambda_j^\ell & \text{if $j \in I \wedge i = j - (m - 1)$} \\
0 & \text{otherwise}
\end{cases}
\end{equation}
Define
\begin{align*}
i & = \text{some element of $I$} \\
j & = \text{some index $j$ such that $P_{j(i-(m-1))} \neq 0$} \\
v & = |Pe_i|
\end{align*}
Then 
\begin{align*}
 \frac{c(A^{K_\ell\ k}v)_j}{(K_\ell\ k)^{m-1}}
& = \frac{c(|A^{K_\ell\ k}| \cdot |v|)_j}{(K_\ell\ k)^{m-1}}
= \frac{c(|A^{K_\ell\ k}| \cdot |Pe_i|)_j}{(K_\ell\ k)^{m-1}}
\\ & \geq \frac{c|A^{K_\ell\ k}Pe_{i}|_j}{(K_\ell\ k)^{m-1}}
= \frac{c|PJ^{K_\ell\ k}e_{i}|_j}{(K_\ell\ k)^{m-1}}
\\ & \tendsto |P_{j(i - (m - 1))} \cdot \lambda_i^\ell| = |P_{j(i - (m - 1))}| > 0
\end{align*}
Thus, there exists some $b > 0$ and such that for
all $\ell$ and all sufficiently large $k$:
\begin{equation}
\label{Isab2}
  \frac{c(A^{K_\ell\ k}v)_j}{(K_\ell\ k)^{m-1}} \geq b
\end{equation}
Define
\begin{align*}
u & = P^{-1}v \\
a_i & = P_{j,i - (m - 1)} \cdot u_i \text{\qquad for $j$ as above and arbitrary $i$}
\end{align*}
Then by using \rSub{tendJ} conclude
\begin{equation}
\label{Isab3}
\begin{split}
\frac{c(A^{K_\ell\ k}v)_j}{(K_\ell\ k)^{m-1}}  
& = Re\left(\frac{c(A^{K_\ell\ k}v)_j}{(K_\ell\ k)^{m-1}}\right) 
= Re\left(\frac{c(A^{K_\ell\ k}Pu)_j}{(K_\ell\ k)^{m-1}}\right)
\\ & = Re\left(\frac{c(PJ^{K_\ell\ k}u)_j}{(K_\ell\ k)^{m-1}}\right)
\tendsto Re\left(\sum_{i \in I} a_i\lambda_i^\ell\right)
\end{split}
\end{equation}
%
By combining \rSub{Isab3} with \rSub{Isab2} we arrive at
\begin{equation}
\label{lincomb}
Re\left(\sum_{i \in I} a_i \lambda_i^\ell\right) > 0
\end{equation}

The theorem is equivalent to the statement $\lambda_i = 1$ for some $i \in I$, so let us assume to the
contrary that $\lambda_i \neq 1$ for all $i \in I$.
From \rSub{lincomb} we conclude
\begin{align*}
0 & < Re\left(\sum_{\ell = 0}^{D-1} \sum_{i \in I} a_i \lambda_i^\ell\right) 
\end{align*} and hence
\begin{align*}
0 & \neq \sum_{\ell = 0}^{D-1} \sum_{i \in I} a_i \lambda_i^\ell 
 = \sum_{i \in I} a_i \sum_{\ell = 0}^{D-1} \lambda_i^\ell 
 = \sum_{i \in I} a_i \frac{D}{d_{\lambda_i}} \cdot \sum_{\ell = 0}^{d_{\lambda_i}-1} \lambda_i^\ell \\
& = \sum_{i \in I} a_i \frac{D}{d_{\lambda_i}} \cdot \frac{\lambda_i^{d_{\lambda_i}} - 1}{\lambda_i - 1}
  = \sum_{i \in I} a_i \frac{D}{d_{\lambda_i}} \cdot 0 
  = 0
\end{align*}
where the formula for the geometric sum can only be applied since $\lambda_i \neq 1$. 
By this contradiction we have finished the proof.
\end{proof}


\section{Consequences of \rTH{large jb}}
\label{sec:consequences}

We can immediately connect \rTH{large jb} with \rTH{complexity theorem} in order to
get an improved complexity criterion in the form of \rAlg{alg improved}.
Here, $I$ is the identity matrix.

The big advantage of this algorithm is that it only employs
arithmetic operations, i.e., in particular if $A$ is a matrix with rational
entries, then it only involves rational arithmetic. 

\begin{algorithm}[h]
\caption{Efficient Certification of $\max_{1 \leq i,j \leq n}(A^k)_{ij} \in \OO(k^d)$.}
\label{alg improved}
\KwIn{$A \in \reals_{\ge0}^{n\times n}$ and degree $d$.}
\KwOut{Accept or assertion failure.}
Assert $\{x \in \reals. \cp(x) = 0, x > 1\} = \emptyset$ via Sturm's method\;
Compute $m$ as the multiplicity of root 1 of $\cp$\;
\lIf{$m \leq d + 1$}{Accept}
Assert that all Jordan blocks $B(s,1)$ of $A$ have a size $s \leq d + 1$.
This can be decided by checking that 
the kernel dimension of $(A - I)^{d+1}$ is $m$\;
Accept
\end{algorithm}

To measure improvements in practice,
we extracted all matrix interpretations from complexity proofs of the
international termination and complexity competition~\cite{TermComp15} in the last three years, 
which amounts to the validation of the growth rate of 6,690 matrices, whose largest dimension was only 5.
This low dimension keeps the overhead of algebraic number computations at a reasonable level.
% dim 1: 3367, dim 2: 2437, dim 3: 651, dim 4: 215, dim 5: 20
Still, processing all 6,690 matrices became five times faster when using \rAlg{alg improved}
instead of \rTH{complexity theorem} and algebraic number computations.
% 5.174s vs. 1.012s

Since the algorithm runs in polynomial time, 
it also seems to be possible to use our algorithm for synthesizing matrix
interpretations; one can write a polynomial-sized SAT or SMT encoding
of whether a symbolic matrix has an \emph{a priori} fixed growth rate by
a symbolic execution of \rAlg{alg improved}. The required algorithms are 
\begin{itemize}
\item computation of characteristic polynomial $\cp$
\item polynomial division and polynomial GCD for applying Sturm's method
\item Gauss-Jordan elimination for computing the kernel dimension, and
  matrix multiplication
\end{itemize}
Developers of the complexity tool TCT \cite{TCT} are currently investigating 
this possibility.

Although our results facilitate precise estimation of the asymptotic growth rate of matrix powers,
the reduction of complexity analysis to matrix powers remains approximative.
Therefore,
it is an important future work to generalize our formalization to \emph{joint}
spectral radius, in order to facilitate precise complexity analysis \cite{MMNWZ11}.
 \RT{AY, can you think about whether we should mention future work in the direction of 
  joint spectral radius, or whether we should compare to the automata related approaches 
  of Johannes Waldmann?}
\AY{Did first half}
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%%
%% macros for Isabelle generated LaTeX output
%%

%%% Simple document preparation (based on theory token language and symbols)

% isabelle environments

\newcommand{\isabellecontext}{UNKNOWN}
\newcommand{\setisabellecontext}[1]{\def\isabellecontext{#1}}

\newcommand{\isastyle}{\UNDEF}
\newcommand{\isastylett}{\UNDEF}
\newcommand{\isastyleminor}{\UNDEF}
\newcommand{\isastyleminortt}{\UNDEF}
\newcommand{\isastylescript}{\UNDEF}
\newcommand{\isastyletext}{\normalsize\rm}
\newcommand{\isastyletxt}{\rm}
\newcommand{\isastylecmt}{\rm}

\newcommand{\isaspacing}{%
  \sfcode 42 1000 % .
  \sfcode 63 1000 % ?
  \sfcode 33 1000 % !
  \sfcode 58 1000 % :
  \sfcode 59 1000 % ;
  \sfcode 44 1000 % ,
}

%symbol markup -- \emph achieves decent spacing via italic corrections
\newcommand{\isamath}[1]{\emph{$#1$}}
\newcommand{\isatext}[1]{\emph{#1}}
\DeclareRobustCommand{\isascriptstyle}{\def\isamath##1{##1}\def\isatext##1{\mbox{\isaspacing\isastylescript##1}}}
\newcommand{\isactrlsub}[1]{\emph{\isascriptstyle${}\sb{#1}$}}
\newcommand{\isactrlsup}[1]{\emph{\isascriptstyle${}\sp{#1}$}}
\DeclareRobustCommand{\isactrlbsub}{\emph\bgroup\math{}\sb\bgroup\mbox\bgroup\isaspacing\isastylescript}
\DeclareRobustCommand{\isactrlesub}{\egroup\egroup\endmath\egroup}
\DeclareRobustCommand{\isactrlbsup}{\emph\bgroup\math{}\sp\bgroup\mbox\bgroup\isaspacing\isastylescript}
\DeclareRobustCommand{\isactrlesup}{\egroup\egroup\endmath\egroup}
\newcommand{\isactrlbold}[1]{{\bfseries\upshape\boldmath#1}}

\newenvironment{isaantiq}{{\isacharat\isacharbraceleft}}{{\isacharbraceright}}

\newdimen\isa@parindent\newdimen\isa@parskip

\newenvironment{isabellebody}{%
\isamarkuptrue\par%
\isa@parindent\parindent\parindent0pt%
\isa@parskip\parskip\parskip0pt%
\isaspacing\isastyle}{\par}

\newenvironment{isabellebodytt}{%
\isamarkuptrue\par%
\isa@parindent\parindent\parindent0pt%
\isa@parskip\parskip\parskip0pt%
\isaspacing\isastylett}{\par}

\newenvironment{isabelle}
{\begin{trivlist}\begin{isabellebody}\item\relax}
{\end{isabellebody}\end{trivlist}}

\newenvironment{isabellett}
{\begin{trivlist}\begin{isabellebodytt}\item\relax}
{\end{isabellebodytt}\end{trivlist}}

\newcommand{\isa}[1]{\emph{\isaspacing\isastyleminor #1}}
\newcommand{\isatt}[1]{\emph{\isaspacing\isastyleminortt #1}}

\newcommand{\isaindent}[1]{\hphantom{#1}}
\newcommand{\isanewline}{\mbox{}\par\mbox{}}
\newcommand{\isasep}{}
\newcommand{\isadigit}[1]{#1}

\newcommand{\isachardefaults}{%
\chardef\isacharbang=`\!%
\chardef\isachardoublequote=`\"%
\chardef\isachardoublequoteopen=`\"%
\chardef\isachardoublequoteclose=`\"%
\chardef\isacharhash=`\#%
\chardef\isachardollar=`\$%
\chardef\isacharpercent=`\%%
\chardef\isacharampersand=`\&%
\chardef\isacharprime=`\'%
\chardef\isacharparenleft=`\(%
\chardef\isacharparenright=`\)%
\chardef\isacharasterisk=`\*%
\chardef\isacharplus=`\+%
\chardef\isacharcomma=`\,%
\chardef\isacharminus=`\-%
\chardef\isachardot=`\.%
\chardef\isacharslash=`\/%
\chardef\isacharcolon=`\:%
\chardef\isacharsemicolon=`\;%
\chardef\isacharless=`\<%
\chardef\isacharequal=`\=%
\chardef\isachargreater=`\>%
\chardef\isacharquery=`\?%
\chardef\isacharat=`\@%
\chardef\isacharbrackleft=`\[%
\chardef\isacharbackslash=`\\%
\chardef\isacharbrackright=`\]%
\chardef\isacharcircum=`\^%
\chardef\isacharunderscore=`\_%
\def\isacharunderscorekeyword{\_}%
\chardef\isacharbackquote=`\`%
\chardef\isacharbackquoteopen=`\`%
\chardef\isacharbackquoteclose=`\`%
\chardef\isacharbraceleft=`\{%
\chardef\isacharbar=`\|%
\chardef\isacharbraceright=`\}%
\chardef\isachartilde=`\~%
\def\isacharverbatimopen{\isacharbraceleft\isacharasterisk}%
\def\isacharverbatimclose{\isacharasterisk\isacharbraceright}%
\def\isacartoucheopen{\isatext{\raise.3ex\hbox{$\scriptscriptstyle\langle$}}}%
\def\isacartoucheclose{\isatext{\raise.3ex\hbox{$\scriptscriptstyle\rangle$}}}%
}


% keyword and section markup

\newcommand{\isakeyword}[1]
{\emph{\bf\def\isachardot{.}\def\isacharunderscore{\isacharunderscorekeyword}%
\def\isacharbraceleft{\{}\def\isacharbraceright{\}}#1}}
\newcommand{\isacommand}[1]{\isakeyword{#1}}

\newcommand{\isamarkupheader}[1]{\section{#1}}
\newcommand{\isamarkupchapter}[1]{\chapter{#1}}
\newcommand{\isamarkupsection}[1]{\section{#1}}
\newcommand{\isamarkupsubsection}[1]{\subsection{#1}}
\newcommand{\isamarkupsubsubsection}[1]{\subsubsection{#1}}

\newif\ifisamarkup
\newcommand{\isabeginpar}{\par\ifisamarkup\relax\else\medskip\fi}
\newcommand{\isaendpar}{\par\medskip}
\newenvironment{isapar}{\parindent\isa@parindent\parskip\isa@parskip\isabeginpar}{\isaendpar}
\newenvironment{isamarkuptext}{\par\isastyletext\begin{isapar}}{\end{isapar}}
\newenvironment{isamarkuptxt}{\par\isastyletxt\begin{isapar}}{\end{isapar}}
\newcommand{\isamarkupcmt}[1]{{\isastylecmt--- #1}}


% styles

\def\isabellestyle#1{\csname isabellestyle#1\endcsname}

\newcommand{\isabellestyledefault}{%
\def\isastyle{\small\tt\slshape}%
\def\isastylett{\small\tt}%
\def\isastyleminor{\small\tt\slshape}%
\def\isastyleminortt{\small\tt}%
\def\isastylescript{\scriptsize\tt\slshape}%
\def\isastylescriptscript{\tiny\tt\slshape}%
\isachardefaults%
}
\isabellestyledefault

\newcommand{\isabellestylett}{%
\def\isastyle{\small\tt}%
\def\isastylett{\small\tt}%
\def\isastyleminor{\small\tt}%
\def\isastyleminortt{\small\tt}%
\def\isastylescript{\footnotesize\tt}%
\def\isastylescriptscript{\tiny\tt\slshape}%
\isachardefaults%
}

\newcommand{\isabellestyleit}{%
\def\isastyle{\it}%
\def\isastylett{\tt}%
\def\isastyleminor{\it}%
\def\isastyleminortt{\tt}%
\def\isastylescript{\scriptsize\it}%
\def\isastylescriptscript{\tiny\it}%
\isachardefaults%
\def\isacharunderscorekeyword{\mbox{-}}%
\def\isacharbang{\isamath{!}}%
\def\isachardoublequote{}%
\def\isachardoublequoteopen{}%
\def\isachardoublequoteclose{}%
\def\isacharhash{\isamath{\#}}%
\def\isachardollar{\isamath{\$}}%
\def\isacharpercent{\isamath{\%}}%
\def\isacharampersand{\isamath{\&}}%
\def\isacharprime{\isamath{\mskip2mu{'}\mskip-2mu}}%
\def\isacharparenleft{\isamath{(}}%
\def\isacharparenright{\isamath{)}}%
\def\isacharasterisk{\isamath{*}}%
\def\isacharplus{\isamath{+}}%
\def\isacharcomma{\isamath{\mathord,}}%
\def\isacharminus{\isamath{-}}%
\def\isachardot{\isamath{\mathord.}}%
\def\isacharslash{\isamath{/}}%
\def\isacharcolon{\isamath{\mathord:}}%
\def\isacharsemicolon{\isamath{\mathord;}}%
\def\isacharless{\isamath{<}}%
\def\isacharequal{\isamath{=}}%
\def\isachargreater{\isamath{>}}%
\def\isacharat{\isamath{@}}%
\def\isacharbrackleft{\isamath{[}}%
\def\isacharbackslash{\isamath{\backslash}}%
\def\isacharbrackright{\isamath{]}}%
\def\isacharunderscore{\mbox{-}}%
\def\isacharbraceleft{\isamath{\{}}%
\def\isacharbar{\isamath{\mid}}%
\def\isacharbraceright{\isamath{\}}}%
\def\isachartilde{\isamath{{}\sp{\sim}}}%
\def\isacharbackquoteopen{\isatext{\raise.3ex\hbox{$\scriptscriptstyle\langle$}}}%
\def\isacharbackquoteclose{\isatext{\raise.3ex\hbox{$\scriptscriptstyle\rangle$}}}%
\def\isacharverbatimopen{\isamath{\langle\!\langle}}%
\def\isacharverbatimclose{\isamath{\rangle\!\rangle}}%
}

\newcommand{\isabellestyleliteral}{%
\isabellestyleit%
\def\isacharunderscore{\_}%
\def\isacharunderscorekeyword{\_}%
\chardef\isacharbackquoteopen=`\`%
\chardef\isacharbackquoteclose=`\`%
}

\newcommand{\isabellestyleliteralunderscore}{%
\isabellestyleliteral%
\def\isacharunderscore{\textunderscore}%
\def\isacharunderscorekeyword{\textunderscore}%
}

\newcommand{\isabellestylesl}{%
\isabellestyleit%
\def\isastyle{\small\sl}%
\def\isastylett{\small\tt}%
\def\isastyleminor{\sl}%
\def\isastyleminortt{\tt}%
\def\isastylescript{\footnotesize\sl}%
}


% tagged regions

%plain TeX version of comment package -- much faster!
\let\isafmtname\fmtname\def\fmtname{plain}
\usepackage{comment}
\let\fmtname\isafmtname

\newcommand{\isafold}[1]{\emph{$\langle\mathord{\mathit{#1}}\rangle$}}

\newcommand{\isakeeptag}[1]%
{\includecomment{isadelim#1}\includecomment{isatag#1}\csarg\def{isafold#1}{}}
\newcommand{\isadroptag}[1]%
{\excludecomment{isadelim#1}\excludecomment{isatag#1}\csarg\def{isafold#1}{}}
\newcommand{\isafoldtag}[1]%
{\includecomment{isadelim#1}\excludecomment{isatag#1}\csarg\def{isafold#1}{\isafold{#1}}}

\isakeeptag{theory}
\isakeeptag{proof}
\isakeeptag{ML}
\isakeeptag{visible}
\isadroptag{invisible}

\IfFileExists{isabelletags.sty}{\usepackage{isabelletags}}{}







perron_frobenius/isabellesym.sty

%%
%% definitions of standard Isabelle symbols
%%

\newcommand{\isasymzero}{\isamath{\mathbf{0}}}  %requires amssymb
\newcommand{\isasymone}{\isamath{\mathbf{1}}}  %requires amssymb
\newcommand{\isasymtwo}{\isamath{\mathbf{2}}}  %requires amssymb
\newcommand{\isasymthree}{\isamath{\mathbf{3}}}  %requires amssymb
\newcommand{\isasymfour}{\isamath{\mathbf{4}}}  %requires amssymb
\newcommand{\isasymfive}{\isamath{\mathbf{5}}}  %requires amssymb
\newcommand{\isasymsix}{\isamath{\mathbf{6}}}  %requires amssymb
\newcommand{\isasymseven}{\isamath{\mathbf{7}}}  %requires amssymb
\newcommand{\isasymeight}{\isamath{\mathbf{8}}}  %requires amssymb
\newcommand{\isasymnine}{\isamath{\mathbf{9}}}  %requires amssymb
\newcommand{\isasymA}{\isamath{\mathcal{A}}}
\newcommand{\isasymB}{\isamath{\mathcal{B}}}
\newcommand{\isasymC}{\isamath{\mathcal{C}}}
\newcommand{\isasymD}{\isamath{\mathcal{D}}}
\newcommand{\isasymE}{\isamath{\mathcal{E}}}
\newcommand{\isasymF}{\isamath{\mathcal{F}}}
\newcommand{\isasymG}{\isamath{\mathcal{G}}}
\newcommand{\isasymH}{\isamath{\mathcal{H}}}
\newcommand{\isasymI}{\isamath{\mathcal{I}}}
\newcommand{\isasymJ}{\isamath{\mathcal{J}}}
\newcommand{\isasymK}{\isamath{\mathcal{K}}}
\newcommand{\isasymL}{\isamath{\mathcal{L}}}
\newcommand{\isasymM}{\isamath{\mathcal{M}}}
\newcommand{\isasymN}{\isamath{\mathcal{N}}}
\newcommand{\isasymO}{\isamath{\mathcal{O}}}
\newcommand{\isasymP}{\isamath{\mathcal{P}}}
\newcommand{\isasymQ}{\isamath{\mathcal{Q}}}
\newcommand{\isasymR}{\isamath{\mathcal{R}}}
\newcommand{\isasymS}{\isamath{\mathcal{S}}}
\newcommand{\isasymT}{\isamath{\mathcal{T}}}
\newcommand{\isasymU}{\isamath{\mathcal{U}}}
\newcommand{\isasymV}{\isamath{\mathcal{V}}}
\newcommand{\isasymW}{\isamath{\mathcal{W}}}
\newcommand{\isasymX}{\isamath{\mathcal{X}}}
\newcommand{\isasymY}{\isamath{\mathcal{Y}}}
\newcommand{\isasymZ}{\isamath{\mathcal{Z}}}
\newcommand{\isasyma}{\isamath{\mathrm{a}}}
\newcommand{\isasymb}{\isamath{\mathrm{b}}}
\newcommand{\isasymc}{\isamath{\mathrm{c}}}
\newcommand{\isasymd}{\isamath{\mathrm{d}}}
\newcommand{\isasyme}{\isamath{\mathrm{e}}}
\newcommand{\isasymf}{\isamath{\mathrm{f}}}
\newcommand{\isasymg}{\isamath{\mathrm{g}}}
\newcommand{\isasymh}{\isamath{\mathrm{h}}}
\newcommand{\isasymi}{\isamath{\mathrm{i}}}
\newcommand{\isasymj}{\isamath{\mathrm{j}}}
\newcommand{\isasymk}{\isamath{\mathrm{k}}}
\newcommand{\isasyml}{\isamath{\mathrm{l}}}
\newcommand{\isasymm}{\isamath{\mathrm{m}}}
\newcommand{\isasymn}{\isamath{\mathrm{n}}}
\newcommand{\isasymo}{\isamath{\mathrm{o}}}
\newcommand{\isasymp}{\isamath{\mathrm{p}}}
\newcommand{\isasymq}{\isamath{\mathrm{q}}}
\newcommand{\isasymr}{\isamath{\mathrm{r}}}
\newcommand{\isasyms}{\isamath{\mathrm{s}}}
\newcommand{\isasymt}{\isamath{\mathrm{t}}}
\newcommand{\isasymu}{\isamath{\mathrm{u}}}
\newcommand{\isasymv}{\isamath{\mathrm{v}}}
\newcommand{\isasymw}{\isamath{\mathrm{w}}}
\newcommand{\isasymx}{\isamath{\mathrm{x}}}
\newcommand{\isasymy}{\isamath{\mathrm{y}}}
\newcommand{\isasymz}{\isamath{\mathrm{z}}}
\newcommand{\isasymAA}{\isamath{\mathfrak{A}}}  %requires eufrak
\newcommand{\isasymBB}{\isamath{\mathfrak{B}}}  %requires eufrak
\newcommand{\isasymCC}{\isamath{\mathfrak{C}}}  %requires eufrak
\newcommand{\isasymDD}{\isamath{\mathfrak{D}}}  %requires eufrak
\newcommand{\isasymEE}{\isamath{\mathfrak{E}}}  %requires eufrak
\newcommand{\isasymFF}{\isamath{\mathfrak{F}}}  %requires eufrak
\newcommand{\isasymGG}{\isamath{\mathfrak{G}}}  %requires eufrak
\newcommand{\isasymHH}{\isamath{\mathfrak{H}}}  %requires eufrak
\newcommand{\isasymII}{\isamath{\mathfrak{I}}}  %requires eufrak
\newcommand{\isasymJJ}{\isamath{\mathfrak{J}}}  %requires eufrak
\newcommand{\isasymKK}{\isamath{\mathfrak{K}}}  %requires eufrak
\newcommand{\isasymLL}{\isamath{\mathfrak{L}}}  %requires eufrak
\newcommand{\isasymMM}{\isamath{\mathfrak{M}}}  %requires eufrak
\newcommand{\isasymNN}{\isamath{\mathfrak{N}}}  %requires eufrak
\newcommand{\isasymOO}{\isamath{\mathfrak{O}}}  %requires eufrak
\newcommand{\isasymPP}{\isamath{\mathfrak{P}}}  %requires eufrak
\newcommand{\isasymQQ}{\isamath{\mathfrak{Q}}}  %requires eufrak
\newcommand{\isasymRR}{\isamath{\mathfrak{R}}}  %requires eufrak
\newcommand{\isasymSS}{\isamath{\mathfrak{S}}}  %requires eufrak
\newcommand{\isasymTT}{\isamath{\mathfrak{T}}}  %requires eufrak
\newcommand{\isasymUU}{\isamath{\mathfrak{U}}}  %requires eufrak
\newcommand{\isasymVV}{\isamath{\mathfrak{V}}}  %requires eufrak
\newcommand{\isasymWW}{\isamath{\mathfrak{W}}}  %requires eufrak
\newcommand{\isasymXX}{\isamath{\mathfrak{X}}}  %requires eufrak
\newcommand{\isasymYY}{\isamath{\mathfrak{Y}}}  %requires eufrak
\newcommand{\isasymZZ}{\isamath{\mathfrak{Z}}}  %requires eufrak
\newcommand{\isasymaa}{\isamath{\mathfrak{a}}}  %requires eufrak
\newcommand{\isasymbb}{\isamath{\mathfrak{b}}}  %requires eufrak
\newcommand{\isasymcc}{\isamath{\mathfrak{c}}}  %requires eufrak
\newcommand{\isasymdd}{\isamath{\mathfrak{d}}}  %requires eufrak
\newcommand{\isasymee}{\isamath{\mathfrak{e}}}  %requires eufrak
\newcommand{\isasymff}{\isamath{\mathfrak{f}}}  %requires eufrak
\newcommand{\isasymgg}{\isamath{\mathfrak{g}}}  %requires eufrak
\newcommand{\isasymhh}{\isamath{\mathfrak{h}}}  %requires eufrak
\newcommand{\isasymii}{\isamath{\mathfrak{i}}}  %requires eufrak
\newcommand{\isasymjj}{\isamath{\mathfrak{j}}}  %requires eufrak
\newcommand{\isasymkk}{\isamath{\mathfrak{k}}}  %requires eufrak
\newcommand{\isasymll}{\isamath{\mathfrak{l}}}  %requires eufrak
\newcommand{\isasymmm}{\isamath{\mathfrak{m}}}  %requires eufrak
\newcommand{\isasymnn}{\isamath{\mathfrak{n}}}  %requires eufrak
\newcommand{\isasymoo}{\isamath{\mathfrak{o}}}  %requires eufrak
\newcommand{\isasympp}{\isamath{\mathfrak{p}}}  %requires eufrak
\newcommand{\isasymqq}{\isamath{\mathfrak{q}}}  %requires eufrak
\newcommand{\isasymrr}{\isamath{\mathfrak{r}}}  %requires eufrak
\newcommand{\isasymss}{\isamath{\mathfrak{s}}}  %requires eufrak
\newcommand{\isasymtt}{\isamath{\mathfrak{t}}}  %requires eufrak
\newcommand{\isasymuu}{\isamath{\mathfrak{u}}}  %requires eufrak
\newcommand{\isasymvv}{\isamath{\mathfrak{v}}}  %requires eufrak
\newcommand{\isasymww}{\isamath{\mathfrak{w}}}  %requires eufrak
\newcommand{\isasymxx}{\isamath{\mathfrak{x}}}  %requires eufrak
\newcommand{\isasymyy}{\isamath{\mathfrak{y}}}  %requires eufrak
\newcommand{\isasymzz}{\isamath{\mathfrak{z}}}  %requires eufrak
\newcommand{\isasymalpha}{\isamath{\alpha}}
\newcommand{\isasymbeta}{\isamath{\beta}}
\newcommand{\isasymgamma}{\isamath{\gamma}}
\newcommand{\isasymdelta}{\isamath{\delta}}
\newcommand{\isasymepsilon}{\isamath{\varepsilon}}
\newcommand{\isasymzeta}{\isamath{\zeta}}
\newcommand{\isasymeta}{\isamath{\eta}}
\newcommand{\isasymtheta}{\isamath{\vartheta}}
\newcommand{\isasymiota}{\isamath{\iota}}
\newcommand{\isasymkappa}{\isamath{\kappa}}
\newcommand{\isasymlambda}{\isamath{\lambda}}
\newcommand{\isasymmu}{\isamath{\mu}}
\newcommand{\isasymnu}{\isamath{\nu}}
\newcommand{\isasymxi}{\isamath{\xi}}
\newcommand{\isasympi}{\isamath{\pi}}
\newcommand{\isasymrho}{\isamath{\varrho}}
\newcommand{\isasymsigma}{\isamath{\sigma}}
\newcommand{\isasymtau}{\isamath{\tau}}
\newcommand{\isasymupsilon}{\isamath{\upsilon}}
\newcommand{\isasymphi}{\isamath{\varphi}}
\newcommand{\isasymchi}{\isamath{\chi}}
\newcommand{\isasympsi}{\isamath{\psi}}
\newcommand{\isasymomega}{\isamath{\omega}}
\newcommand{\isasymGamma}{\isamath{\Gamma}}
\newcommand{\isasymDelta}{\isamath{\Delta}}
\newcommand{\isasymTheta}{\isamath{\Theta}}
\newcommand{\isasymLambda}{\isamath{\Lambda}}
\newcommand{\isasymXi}{\isamath{\Xi}}
\newcommand{\isasymPi}{\isamath{\Pi}}
\newcommand{\isasymSigma}{\isamath{\Sigma}}
\newcommand{\isasymUpsilon}{\isamath{\Upsilon}}
\newcommand{\isasymPhi}{\isamath{\Phi}}
\newcommand{\isasymPsi}{\isamath{\Psi}}
\newcommand{\isasymOmega}{\isamath{\Omega}}
\newcommand{\isasymbool}{\isamath{\mathrm{I}\mkern-3.8mu\mathrm{B}}}
\newcommand{\isasymcomplex}{\isamath{\mathrm{C}\mkern-15mu{\phantom{\mathrm{t}}\vrule}\mkern9mu}}
\newcommand{\isasymnat}{\isamath{\mathrm{I}\mkern-3.8mu\mathrm{N}}}
\newcommand{\isasymrat}{\isamath{\mathrm{Q}\mkern-16mu{\phantom{\mathrm{t}}\vrule}\mkern10mu}}
\newcommand{\isasymreal}{\isamath{\mathrm{I}\mkern-3.8mu\mathrm{R}}}
\newcommand{\isasymint}{\isamath{\mathsf{Z}\mkern-7.5mu\mathsf{Z}}}
\newcommand{\isasymleftarrow}{\isamath{\leftarrow}}
\newcommand{\isasymlongleftarrow}{\isamath{\longleftarrow}}
\newcommand{\isasymrightarrow}{\isamath{\rightarrow}}
\newcommand{\isasymlongrightarrow}{\isamath{\longrightarrow}}
\newcommand{\isasymLeftarrow}{\isamath{\Leftarrow}}
\newcommand{\isasymLongleftarrow}{\isamath{\Longleftarrow}}
\newcommand{\isasymRightarrow}{\isamath{\Rightarrow}}
\newcommand{\isasymLongrightarrow}{\isamath{\Longrightarrow}}
\newcommand{\isasymleftrightarrow}{\isamath{\leftrightarrow}}
\newcommand{\isasymlongleftrightarrow}{\isamath{\longleftrightarrow}}
\newcommand{\isasymLeftrightarrow}{\isamath{\Leftrightarrow}}
\newcommand{\isasymLongleftrightarrow}{\isamath{\Longleftrightarrow}}
\newcommand{\isasymmapsto}{\isamath{\mapsto}}
\newcommand{\isasymlongmapsto}{\isamath{\longmapsto}}
\newcommand{\isasymmidarrow}{\isamath{\relbar}}
\newcommand{\isasymMidarrow}{\isamath{\Relbar}}
\newcommand{\isasymhookleftarrow}{\isamath{\hookleftarrow}}
\newcommand{\isasymhookrightarrow}{\isamath{\hookrightarrow}}
\newcommand{\isasymleftharpoondown}{\isamath{\leftharpoondown}}
\newcommand{\isasymrightharpoondown}{\isamath{\rightharpoondown}}
\newcommand{\isasymleftharpoonup}{\isamath{\leftharpoonup}}
\newcommand{\isasymrightharpoonup}{\isamath{\rightharpoonup}}
\newcommand{\isasymrightleftharpoons}{\isamath{\rightleftharpoons}}
\newcommand{\isasymleadsto}{\isamath{\leadsto}}  %requires amssymb
\newcommand{\isasymdownharpoonleft}{\isamath{\downharpoonleft}}  %requires amssymb
\newcommand{\isasymdownharpoonright}{\isamath{\downharpoonright}}  %requires amssymb
\newcommand{\isasymupharpoonleft}{\isamath{\upharpoonleft}}  %requires amssymb
\newcommand{\isasymupharpoonright}{\isamath{\upharpoonright}}  %requires amssymb
\newcommand{\isasymrestriction}{\isamath{\restriction}}  %requires amssymb
\newcommand{\isasymColon}{\isamath{\mathrel{::}}}
\newcommand{\isasymup}{\isamath{\uparrow}}
\newcommand{\isasymUp}{\isamath{\Uparrow}}
\newcommand{\isasymdown}{\isamath{\downarrow}}
\newcommand{\isasymDown}{\isamath{\Downarrow}}
\newcommand{\isasymupdown}{\isamath{\updownarrow}}
\newcommand{\isasymUpdown}{\isamath{\Updownarrow}}
\newcommand{\isasymlangle}{\isamath{\langle}}
\newcommand{\isasymrangle}{\isamath{\rangle}}
\newcommand{\isasymlceil}{\isamath{\lceil}}
\newcommand{\isasymrceil}{\isamath{\rceil}}
\newcommand{\isasymlfloor}{\isamath{\lfloor}}
\newcommand{\isasymrfloor}{\isamath{\rfloor}}
\newcommand{\isasymlparr}{\isamath{\mathopen{(\mkern-3mu\mid}}}
\newcommand{\isasymrparr}{\isamath{\mathclose{\mid\mkern-3mu)}}}
\newcommand{\isasymlbrakk}{\isamath{\mathopen{\lbrack\mkern-3mu\lbrack}}}
\newcommand{\isasymrbrakk}{\isamath{\mathclose{\rbrack\mkern-3mu\rbrack}}}
\newcommand{\isasymlbrace}{\isamath{\mathopen{\lbrace\mkern-4.5mu\mid}}}
\newcommand{\isasymrbrace}{\isamath{\mathclose{\mid\mkern-4.5mu\rbrace}}}
\newcommand{\isasymguillemotleft}{\isatext{\flqq}}  %requires babel
\newcommand{\isasymguillemotright}{\isatext{\frqq}}  %requires babel
\newcommand{\isasymbottom}{\isamath{\bot}}
\newcommand{\isasymtop}{\isamath{\top}}
\newcommand{\isasymand}{\isamath{\wedge}}
\newcommand{\isasymAnd}{\isamath{\bigwedge}}
\newcommand{\isasymor}{\isamath{\vee}}
\newcommand{\isasymOr}{\isamath{\bigvee}}
\newcommand{\isasymforall}{\isamath{\forall\,}}
\newcommand{\isasymexists}{\isamath{\exists\,}}
\newcommand{\isasymnexists}{\isamath{\nexists\,}}  %requires amssymb
\newcommand{\isasymnot}{\isamath{\neg}}
\newcommand{\isasymbox}{\isamath{\Box}}  %requires amssymb
\newcommand{\isasymdiamond}{\isamath{\Diamond}}  %requires amssymb
\newcommand{\isasymturnstile}{\isamath{\vdash}}
\newcommand{\isasymTurnstile}{\isamath{\models}}
\newcommand{\isasymtturnstile}{\isamath{\vdash\!\!\!\vdash}}
\newcommand{\isasymTTurnstile}{\isamath{\mid\!\models}}
\newcommand{\isasymstileturn}{\isamath{\dashv}}
\newcommand{\isasymsurd}{\isamath{\surd}}
\newcommand{\isasymle}{\isamath{\le}}
\newcommand{\isasymge}{\isamath{\ge}}
\newcommand{\isasymlless}{\isamath{\ll}}
\newcommand{\isasymggreater}{\isamath{\gg}}
\newcommand{\isasymlesssim}{\isamath{\lesssim}}  %requires amssymb
\newcommand{\isasymgreatersim}{\isamath{\gtrsim}}  %requires amssymb
\newcommand{\isasymlessapprox}{\isamath{\lessapprox}}  %requires amssymb
\newcommand{\isasymgreaterapprox}{\isamath{\gtrapprox}}  %requires amssymb
\newcommand{\isasymin}{\isamath{\in}}
\newcommand{\isasymnotin}{\isamath{\notin}}
\newcommand{\isasymsubset}{\isamath{\subset}}
\newcommand{\isasymsupset}{\isamath{\supset}}
\newcommand{\isasymsubseteq}{\isamath{\subseteq}}
\newcommand{\isasymsupseteq}{\isamath{\supseteq}}
\newcommand{\isasymsqsubset}{\isamath{\sqsubset}}  %requires amssymb
\newcommand{\isasymsqsupset}{\isamath{\sqsupset}}  %requires amssymb
\newcommand{\isasymsqsubseteq}{\isamath{\sqsubseteq}}
\newcommand{\isasymsqsupseteq}{\isamath{\sqsupseteq}}
\newcommand{\isasyminter}{\isamath{\cap}}
\newcommand{\isasymInter}{\isamath{\bigcap\,}}
\newcommand{\isasymunion}{\isamath{\cup}}
\newcommand{\isasymUnion}{\isamath{\bigcup\,}}
\newcommand{\isasymsqunion}{\isamath{\sqcup}}
\newcommand{\isasymSqunion}{\isamath{\bigsqcup\,}}
\newcommand{\isasymsqinter}{\isamath{\sqcap}}
\newcommand{\isasymSqinter}{\isamath{\bigsqcap\,}}  %requires stmaryrd
\newcommand{\isasymsetminus}{\isamath{\setminus}}
\newcommand{\isasympropto}{\isamath{\propto}}
\newcommand{\isasymuplus}{\isamath{\uplus}}
\newcommand{\isasymUplus}{\isamath{\biguplus\,}}
\newcommand{\isasymnoteq}{\isamath{\not=}}
\newcommand{\isasymsim}{\isamath{\sim}}
\newcommand{\isasymdoteq}{\isamath{\doteq}}
\newcommand{\isasymsimeq}{\isamath{\simeq}}
\newcommand{\isasymapprox}{\isamath{\approx}}
\newcommand{\isasymasymp}{\isamath{\asymp}}
\newcommand{\isasymcong}{\isamath{\cong}}
\newcommand{\isasymsmile}{\isamath{\smile}}
\newcommand{\isasymequiv}{\isamath{\equiv}}
\newcommand{\isasymfrown}{\isamath{\frown}}
\newcommand{\isasymJoin}{\isamath{\Join}}  %requires amssymb
\newcommand{\isasymbowtie}{\isamath{\bowtie}}
\newcommand{\isasymprec}{\isamath{\prec}}
\newcommand{\isasymsucc}{\isamath{\succ}}
\newcommand{\isasympreceq}{\isamath{\preceq}}
\newcommand{\isasymsucceq}{\isamath{\succeq}}
\newcommand{\isasymparallel}{\isamath{\parallel}}
\newcommand{\isasymbar}{\isamath{\mid}}
\newcommand{\isasymplusminus}{\isamath{\pm}}
\newcommand{\isasymminusplus}{\isamath{\mp}}
\newcommand{\isasymtimes}{\isamath{\times}}
\newcommand{\isasymdiv}{\isamath{\div}}
\newcommand{\isasymcdot}{\isamath{\cdot}}
\newcommand{\isasymstar}{\isamath{\star}}
\newcommand{\isasymbullet}{\boldmath\isamath{\mathchoice{\displaystyle{\cdot}}{\textstyle{\cdot}}{\scriptstyle{\bullet}}{\scriptscriptstyle{\bullet}}}}
\newcommand{\isasymcirc}{\isamath{\circ}}
\newcommand{\isasymdagger}{\isamath{\dagger}}
\newcommand{\isasymddagger}{\isamath{\ddagger}}
\newcommand{\isasymlhd}{\isamath{\lhd}}  %requires amssymb
\newcommand{\isasymrhd}{\isamath{\rhd}}  %requires amssymb
\newcommand{\isasymunlhd}{\isamath{\unlhd}}  %requires amssymb
\newcommand{\isasymunrhd}{\isamath{\unrhd}}  %requires amssymb
\newcommand{\isasymtriangleleft}{\isamath{\triangleleft}}
\newcommand{\isasymtriangleright}{\isamath{\triangleright}}
\newcommand{\isasymtriangle}{\isamath{\triangle}}
\newcommand{\isasymtriangleq}{\isamath{\triangleq}}  %requires amssymb
\newcommand{\isasymoplus}{\isamath{\oplus}}
\newcommand{\isasymOplus}{\isamath{\bigoplus\,}}
\newcommand{\isasymotimes}{\isamath{\otimes}}
\newcommand{\isasymOtimes}{\isamath{\bigotimes\,}}
\newcommand{\isasymodot}{\isamath{\odot}}
\newcommand{\isasymOdot}{\isamath{\bigodot\,}}
\newcommand{\isasymominus}{\isamath{\ominus}}
\newcommand{\isasymoslash}{\isamath{\oslash}}
\newcommand{\isasymdots}{\isamath{\dots}}
\newcommand{\isasymcdots}{\isamath{\cdots}}
\newcommand{\isasymSum}{\isamath{\sum\,}}
\newcommand{\isasymProd}{\isamath{\prod\,}}
\newcommand{\isasymCoprod}{\isamath{\coprod\,}}
\newcommand{\isasyminfinity}{\isamath{\infty}}
\newcommand{\isasymintegral}{\isamath{\int\,}}
\newcommand{\isasymointegral}{\isamath{\oint\,}}
\newcommand{\isasymclubsuit}{\isamath{\clubsuit}}
\newcommand{\isasymdiamondsuit}{\isamath{\diamondsuit}}
\newcommand{\isasymheartsuit}{\isamath{\heartsuit}}
\newcommand{\isasymspadesuit}{\isamath{\spadesuit}}
\newcommand{\isasymaleph}{\isamath{\aleph}}
\newcommand{\isasymemptyset}{\isamath{\emptyset}}
\newcommand{\isasymnabla}{\isamath{\nabla}}
\newcommand{\isasympartial}{\isamath{\partial}}
\newcommand{\isasymRe}{\isamath{\Re}}
\newcommand{\isasymIm}{\isamath{\Im}}
\newcommand{\isasymflat}{\isamath{\flat}}
\newcommand{\isasymnatural}{\isamath{\natural}}
\newcommand{\isasymsharp}{\isamath{\sharp}}
\newcommand{\isasymangle}{\isamath{\angle}}
\newcommand{\isasymcopyright}{\isatext{\rm\copyright}}
\newcommand{\isasymregistered}{\isatext{\rm\textregistered}}
\newcommand{\isasyminverse}{\isamath{{}^{-1}}}
\newcommand{\isasymonequarter}{\isatext{\rm\textonequarter}}  %requires textcomp
\newcommand{\isasymonehalf}{\isatext{\rm\textonehalf}}  %requires textcomp
\newcommand{\isasymthreequarters}{\isatext{\rm\textthreequarters}}  %requires textcomp
\newcommand{\isasymordfeminine}{\isatext{\rm\textordfeminine}}
\newcommand{\isasymordmasculine}{\isatext{\rm\textordmasculine}}
\newcommand{\isasymsection}{\isatext{\rm\S}}
\newcommand{\isasymparagraph}{\isatext{\rm\P}}
\newcommand{\isasymexclamdown}{\isatext{\rm\textexclamdown}}
\newcommand{\isasymquestiondown}{\isatext{\rm\textquestiondown}}
\newcommand{\isasymeuro}{\isatext{\euro}}  %requires eurosym
\newcommand{\isasympounds}{\isamath{\pounds}}
\newcommand{\isasymyen}{\isatext{\yen}}  %requires amssymb
\newcommand{\isasymcent}{\isatext{\textcent}}  %requires textcomp
\newcommand{\isasymcurrency}{\isatext{\textcurrency}} %requires textcomp
\newcommand{\isasymdegree}{\isatext{\rm\textdegree}}  %requires textcomp
\newcommand{\isasymhyphen}{\isatext{\rm-}}
\newcommand{\isasymamalg}{\isamath{\amalg}}
\newcommand{\isasymmho}{\isamath{\mho}}  %requires amssymb
\newcommand{\isasymlozenge}{\isamath{\lozenge}}  %requires amssymb
\newcommand{\isasymwp}{\isamath{\wp}}
\newcommand{\isasymwrong}{\isamath{\wr}}
\newcommand{\isasymstruct}{\isamath{\diamond}}
\newcommand{\isasymacute}{\isatext{\'\relax}}
\newcommand{\isasymindex}{\isatext{\i}}
\newcommand{\isasymdieresis}{\isatext{\"\relax}}
\newcommand{\isasymcedilla}{\isatext{\c\relax}}
\newcommand{\isasymhungarumlaut}{\isatext{\H\relax}}
\newcommand{\isasymmodule}{\isamath{\langle}\isakeyword{module}\isamath{\rangle}}
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\newcommand{\isasymnewline}{\isatext{\fbox{$\hookleftarrow$}}}







perron_frobenius/myisabelle.sty
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}
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	% predefined keywords
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}
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}
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1 Introduction



Matrix interpretations [4] are widely used in automated complexity analysis of term rewrite
systems. We consider the approach where from a matrix interpretation one extracts a
nonnegative square matrix A ∈ Rn×n≥0 such that O(max1≤i,j≤n(Ak)ij · k) is a bound for the
interpretation of a (specific) term of size k [8]. Hence, the growth rate of the entries of Ak
can be used to determine an upper bound on the complexity of the rewrite system.



In this paper we concentrate on algebraic means to investigate the growth rate of Ak. We
use the following notions: χA denotes the characteristic polynomial of matrix A, eigenvalues
are the roots of χA, maximal eigenvalues are those of the maximum norm, and the maximum
norm is the spectral radius ρA. A Jordan block for some eigenvalue λ is a square matrix
B with Bii = λ, Bi(i+1) = 1, and Bij = 0 otherwise. We write B(s, λ) to indicate that a
Jordan block has size s and eigenvalue λ. A diagonal composition J of Jordan blocks is a
Jordan normal form of A if A = PJP−1 for some invertible matrix P ; J is unique up to
permutation of the Jordan blocks, so we call them the Jordan blocks of A.



Jordan blocks are an important utility to characterize matrix growth, cf. Theorem 1. This
theorem was formalized in Isabelle/HOL [10, 12] when formalizing the complexity criteria
provided by Neurauter et al. [7, 9]. It was used in CeTA [13] until year 2017 in order to check
matrix growth rates.



I Theorem 1 (Matrix Growth via Algebraic Methods). Let A ∈ Cn×n.



The entries in Ak are polynomially bounded in k iff ρA ≤ 1.
The entries in Ak are bounded by O(kd) iff ρA ≤ 1 and for all eigenvalues λ of A with
|λ| = 1 and for all Jordan blocks B(s, λ) of A, s ≤ d+ 1.



Using Theorem 1 it seems easy to decide the asymptotic growth rate of a matrix: one can
compute all eigenvalues, compute their maximal norms to test ρA ≤ 1, and then compute all
Jordan blocks of A for eigenvalues with norm 1 and determine their maximal size.



The problem is that in general the eigenvalues of a matrix are quite complex to compute.
Even if all matrix entries are integers or rational numbers, the eigenvalues are complex
algebraic numbers. Hence, applying Theorem 1 directly requires expensive algebraic number
arithmetic.



The aim of this work is to reduce the complexity of applying Theorem 1 for an important
class of matrices: non-negative real square matrices Rn×n≥0 .



Several properties of non-negative real matrices are studied by Perron and Frobenius
[5, 11]. We already formalized several of them in developing an efficient certifier for checking
matrix growth, for instance Theorem 2 [2].
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I Theorem 2. The characteristic polynomial χA of A ∈ Rn×n≥0 can be factored into



χA(x) = f(x) ·
∏
k∈K



(xk − ρkA)



where K is a non-empty multiset of positive integers, and f is a polynomial whose complex
roots have a norm strictly less than ρA.



Note that Theorem 2 has at least three implications. First, ρA itself is an eigenvalue,
so ρA ≤ 1 is the same as demanding that χA has no real eigenvalue above 1—a criterion
which can be efficiently decided by Sturm’s method. Second, it permits us to replace the
computation of all eigenvalues in Theorem 1 by a computation which only involves roots
of unity of degree at most n. Third, ρA has the maximum algebraic multiplicity among all
maximal eigenvalues.



For a precise and efficient growth rate analysis, in this paper we further prove a conjecture
in [2, Section 7]: ρA also has the largest Jordan blocks among all maximal eigenvalues.
Previously we only had a partial result for matrices of dimension up to 4.



We also derive some consequences in Section 3.



2 Largest Jordan Blocks for Non-Negative Real Matrices



The following Theorem 3 is the key new result of this paper. It has been formalized in
Isabelle/HOL and will be available in the archive of formal proofs [3, for Isabelle 2018].



I Theorem 3. Let A ∈ Rn×n≥0 and λ be a maximal eigenvalue of A. For every Jordan block
B(s, λ) of A, there exists a Jordan block B(t, ρA) of A with t ≥ s.



Proof. W.l.o.g. we assume ρA = 1, since otherwise we can just perform a scalar multiplication
of A by 1



ρ
A



(The case ρA = 0 is trivial).
Let A = PJP−1 be the Jordan decomposition of A. Let ei denote the i-th unit-vector.



Let E be the set of maximal eigenvalues of A, i.e., eigenvalues λ with |λ| = 1. Let m be the
size of a largest Jordan block among all blocks with eigenvalues in E. By Theorem 2 all
eigenvalues λ with |λ| = 1 are roots of unity, i.e., we have a positive integer dλ such that
λdλ = 1.



Define



c =
∏



0≤i<m−1
(m− 1− i) D =



∏
λ∈E



dλ K` k = D · k + `+m− 1



It is easy to prove c > 0. Moreover, if λ ∈ E, then λK` k does not depend on k.



λK` k = (λD)k · λ` · λm−1 = 1k · λ` · λm−1 = λ` · λm−1.



Moreover for any Jordan Block B of size s with eigenvalue λ of A and any valid position of
B we get the following limit:



c(BK` k)ij
(K` k)m−1 =



c
(
K` k
j−i
)
λK` k+i−j



(K` k)m−1
k→∞−→



{
λ` if m = s = j, i = 1, and λ ∈ E
0 otherwise



(1)



The equality in (1) is just the closed form for powers of Jordan blocks, and we shortly
illustrate by a case analysis why the limit is correct.
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If λ /∈ E then there is an exponential decrease in the λ...k... expression whereas the
remaining expression grows at most polynomial. So the limit will be 0.
If λ ∈ E, but m = j ∧ i = 1 does not hold, then the norm of the numerator will be a
polynomial of smaller degree than the polynomial in the denominator. So, again the limit
will be 0.
Finally, if m = j, i = 1, and λ ∈ E, then both the numerator and the denominator will
be polynomials of the same degree, and c has been defined in a way that the limit will be
precisely λ`.



The next step is to lift (1) from single Jordan blocks to the complete Jordan normal form
J . Let us define I as the set of last-row indices of those Jordan blocks of J which have size m
and a maximal eigenvalue. So, in particular I is non-empty. Then from (1) we immediately
get the following consequence where λi = Jii is the eigenvalue corresponding to row i.



c(JK` k)ij
(K` k)m−1



k→∞−→



{
λ`j if j ∈ I ∧ i = j − (m− 1)
0 otherwise



(2)



Define



i = some element of I
j = some index j such that Pj(i−(m−1)) 6= 0
v = |Pei|



Then



c(AK` kv)j
(K` k)m−1 = c(|AK` k| · |v|)j



(K` k)m−1 = c(|AK` k| · |Pei|)j
(K` k)m−1



≥ c|AK` kPei|j
(K` k)m−1 = c|PJK` kei|j



(K` k)m−1



k→∞−→ |Pj(i−(m−1)) · λ`i | = |Pj(i−(m−1))| > 0



Thus, there exists some b > 0 and such that for all ` and all sufficiently large k:



c(AK` kv)j
(K` k)m−1 ≥ b (3)



Define



u = P−1v



ai = Pj,i−(m−1) · ui for j as above and arbitrary i



Then by using (2) conclude



c(AK` kv)j
(K` k)m−1 = Re



(
c(AK` kv)j
(K` k)m−1



)
= Re



(
c(AK` kPu)j
(K` k)m−1



)
= Re



(
c(PJK` ku)j
(K` k)m−1



)
k→∞−→ Re



(∑
i∈I



aiλ
`
i



)
(4)



By combining (4) with (3) we arrive at



Re



(∑
i∈I



aiλ
`
i



)
> 0 (5)
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The theorem is equivalent to the statement λi = 1 for some i ∈ I, so let us assume to the
contrary that λi 6= 1 for all i ∈ I. From (5) we conclude



0 < Re



(
D−1∑
`=0



∑
i∈I



aiλ
`
i



)



and hence



0 6=
D−1∑
`=0



∑
i∈I



aiλ
`
i =



∑
i∈I



ai



D−1∑
`=0



λ`i =
∑
i∈I



ai
D



dλi
·
dλi−1∑
`=0



λ`i



=
∑
i∈I



ai
D



dλi
· λ



dλi
i − 1
λi − 1 =



∑
i∈I



ai
D



dλi
· 0 = 0



where the formula for the geometric sum can only be applied since λi 6= 1. By this
contradiction we have finished the proof. J



3 Consequences of Theorem 3



We can immediately connect Theorem 3 with Theorem 1 in order to get an improved
complexity criterion in the form of Algorithm 1. Here, I is the identity matrix.



The big advantage of this algorithm is that it only employs arithmetic operations, i.e., in
particular if A is a matrix with rational entries, then it only involves rational arithmetic.



Algorithm 1: Efficient Certification of max1≤i,j≤n(Ak)ij ∈ O(kd).
Input: A ∈ Rn×n≥0 and degree d.
Output: Accept or assertion failure.



1 Assert {x ∈ R.χA(x) = 0, x > 1} = ∅ via Sturm’s method
2 Compute m as the multiplicity of root 1 of χA
3 if m ≤ d+ 1 then Accept
4 Assert that all Jordan blocks B(s, 1) of A have a size s ≤ d+ 1. This can be decided by



checking that the kernel dimension of (A− I)d+1 is m
5 Accept



To measure improvements in practice, we extracted all matrix interpretations from
complexity proofs of the international termination and complexity competition [6] in the last
three years, which amounts to the validation of the growth rate of 6,690 matrices, whose
largest dimension was only 5. This low dimension keeps the overhead of algebraic number
computations at a reasonable level. Still, processing all 6,690 matrices became five times
faster when using Algorithm 1 instead of Theorem 1 and algebraic number computations.



Since the algorithm runs in polynomial time, it also seems to be possible to use our
algorithm for synthesizing matrix interpretations; one can write a polynomial-sized SAT or
SMT encoding of whether a symbolic matrix has an a priori fixed growth rate by a symbolic
execution of Algorithm 1. The required algorithms are



computation of characteristic polynomial χA
polynomial division and polynomial GCD for applying Sturm’s method
Gauss-Jordan elimination for computing the kernel dimension, and matrix multiplication
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Developers of the complexity tool TCT [1] are currently investigating this possibility.
Although our results facilitate precise estimation of the asymptotic growth rate of matrix



powers, the reduction of complexity analysis to matrix powers remains approximative.
Therefore, it is an important future work to generalize our formalization to joint spectral
radius, in order to facilitate precise complexity analysis [7].
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   \abovedisplayskip 8.5\p@ \@plus3\p@ \@minus4\p@
   \abovedisplayshortskip \z@ \@plus2\p@
   \belowdisplayshortskip 4\p@ \@plus2\p@ \@minus2\p@
   \def\@listi{\leftmargin\leftmargini
               \topsep 4\p@ \@plus2\p@ \@minus2\p@
               \parsep 2\p@ \@plus\p@ \@minus\p@
               \itemsep \parsep}%
   \belowdisplayskip \abovedisplayskip
}
\renewcommand\footnotesize{%
   \@setfontsize\footnotesize{8.5}{9.5}%
   \abovedisplayskip 6\p@ \@plus2\p@ \@minus4\p@
   \abovedisplayshortskip \z@ \@plus\p@
   \belowdisplayshortskip 3\p@ \@plus\p@ \@minus2\p@
   \def\@listi{\leftmargin\leftmargini
               \topsep 3\p@ \@plus\p@ \@minus\p@
               \parsep 2\p@ \@plus\p@ \@minus\p@
               \itemsep \parsep}%
   \belowdisplayskip \abovedisplayskip
}
\renewcommand\large{\@setfontsize\large{10.5}{13}}
\renewcommand\Large{\@setfontsize\Large{12}{14}}
\setlength\parindent{1.5em}
\setlength\headheight{3mm}
\setlength\headsep   {10mm}
\setlength\footskip{3mm}
\setlength\textwidth{140mm}
\setlength\textheight{222mm}
\setlength\oddsidemargin{32mm}
\setlength\evensidemargin{38mm}
\setlength\marginparwidth{25mm}
\setlength\topmargin{13mm}
\setlength{\skip\footins}{2\baselineskip \@plus 4\p@ \@minus 2\p@}
\def\@listi{\leftmargin\leftmargini
            \parsep\z@ \@plus\p@
            \topsep 8\p@ \@plus2\p@ \@minus4\p@
            \itemsep \parsep}
\let\@listI\@listi
\@listi
\def\@listii {\leftmargin\leftmarginii
              \labelwidth\leftmarginii
              \advance\labelwidth-\labelsep
              \topsep    4\p@ \@plus2\p@ \@minus\p@
              \parsep\z@ \@plus\p@
              \itemsep   \parsep}
\def\@listiii{\leftmargin\leftmarginiii
              \labelwidth\leftmarginiii
              \advance\labelwidth-\labelsep
              \topsep    2\p@ \@plus\p@\@minus\p@
              \parsep    \z@
              \partopsep \p@ \@plus\z@ \@minus\p@
              \itemsep   \z@ \@plus\p@}
\def\ps@headings{%
    \def\@evenhead{\large\sffamily\bfseries
                   \llap{\hbox to0.5\oddsidemargin{\ifx\@ArticleNo\@empty\textcolor{blue}{XX}\else\@ArticleNo\fi:\thepage\hss}}\leftmark\hfil}%
    \def\@oddhead{\large\sffamily\bfseries\rightmark\hfil
                  \rlap{\hbox to0.5\oddsidemargin{\hss\ifx\@ArticleNo\@empty\textcolor{blue}{XX}\else\@ArticleNo\fi:\thepage}}}%
    \def\@oddfoot{\hfil
                  \rlap{%
                    \vtop{%
                      \vskip10mm
                      \colorbox[rgb]{0.99,0.78,0.07}
                                    {\@tempdima\evensidemargin
                                     \advance\@tempdima1in
                                     \advance\@tempdima\hoffset
                                     \hb@xt@\@tempdima{%
                                       \ifx\@hideLIPIcs\@undefined
                                         \textcolor{darkgray}{\normalsize\sffamily
                                         \bfseries\quad
                                         \expandafter\textsolittle
                                         \expandafter{\@EventShortTitle}}%
                                       \fi
                                     \strut\hss}}}}}
    \let\@evenfoot\@empty
    \let\@mkboth\markboth
  \let\sectionmark\@gobble
  \let\subsectionmark\@gobble}
\pagestyle{headings}
\renewcommand\maketitle{\par
  \begingroup
    \thispagestyle{plain}
    \renewcommand\thefootnote{\@fnsymbol\c@footnote}%
    \if@twocolumn
      \ifnum \col@number=\@ne
        \@maketitle
      \else
        \twocolumn[\@maketitle]%
      \fi
    \else
      \newpage
      \global\@topnum\z@   % Prevents figures from going at top of page.
      \@maketitle
    \fi
    \thispagestyle{plain}\@thanks
  \endgroup
  \global\let\thanks\relax
  \global\let\maketitle\relax
  \global\let\@maketitle\relax
  \global\let\@thanks\@empty
  \global\let\@author\@empty
  \global\let\@date\@empty
  \global\let\@title\@empty
  \global\let\title\relax
  \global\let\author\relax
  \global\let\date\relax
  \global\let\and\relax
}
\newwrite\tocfile
\def\@maketitle{%
  \newpage
  \null\vskip-\baselineskip
  \vskip-\headsep
  \@titlerunning
  \@authorrunning
  %%\let \footnote \thanks
  \parindent\z@ \raggedright
  \if!\@title!\def\@title{\textcolor{red}{Author: Please fill in a title}}\fi
    {\LARGE\sffamily\bfseries\mathversion{bold}\@title \par}%
    \vskip 1.5em
    \ifx\@author\orig@author
      \textcolor{red}{Author: Please provide author information}%
    \else
      {\def\thefootnote{\@arabic\c@footnote}%
       \setcounter{footnote}{0}%
       \fontsize{9.5}{12}\selectfont\@author}%
    \fi
    \bgroup
      \immediate\openout\tocfile=\jobname.vtc
      \protected@write\tocfile{\let\footnote\@gobble}{%
        \string\contitem
        \string\title{\@title}%
        \string\author{\@authorsfortoc}%
        \string\page{\@ArticleNo:\thepage--\@ArticleNo:\number\numexpr\getpagerefnumber{LastPage}}}%
      \closeout\tocfile
    \egroup
  \par}
\renewcommand\tableofcontents{%
  \section*{\contentsname}%
  \@starttoc{toc}}
\setcounter{secnumdepth}{4}
\renewcommand\section{\@startsection {section}{1}{\z@}%
                                   {-3.5ex \@plus -1ex \@minus -.2ex}%
                                   {2.3ex \@plus.2ex}%
                                   {\sffamily\Large\bfseries\raggedright}}
\renewcommand\subsection{\@startsection{subsection}{2}{\z@}%
                                     {-3.25ex\@plus -1ex \@minus -.2ex}%
                                     {1.5ex \@plus .2ex}%
                                     {\sffamily\Large\bfseries\raggedright}}
\renewcommand\subsubsection{\@startsection{subsubsection}{3}{\z@}%
                                     {-3.25ex\@plus -1ex \@minus -.2ex}%
                                     {1.5ex \@plus .2ex}%
                                     {\sffamily\Large\bfseries\raggedright}}
\renewcommand\paragraph{\@startsection{paragraph}{4}{\z@}%
                                    {-3.25ex \@plus-1ex \@minus-.2ex}%
                                    {1.5ex \@plus .2ex}%
                                    {\sffamily\large\bfseries\raggedright}}
\renewcommand\subparagraph{\@startsection{subparagraph}{5}{\z@}%
                                       {3.25ex \@plus1ex \@minus .2ex}%
                                       {-1em}%
                                      {\sffamily\normalsize\bfseries}}
\setlength\leftmargini  \parindent
\setlength\leftmarginii {1.2em}
\setlength\leftmarginiii{1.2em}
\setlength\leftmarginiv {1.2em}
\setlength\leftmarginv  {1.2em}
\setlength\leftmarginvi {1.2em}
\renewcommand\labelenumi{%
  \textcolor{darkgray}{\sffamily\bfseries\upshape\mathversion{bold}\theenumi.}}
\renewcommand\labelenumii{%
  \textcolor{darkgray}{\sffamily\bfseries\upshape\mathversion{bold}\theenumii.}}
\renewcommand\labelenumiii{%
  \textcolor{darkgray}{\sffamily\bfseries\upshape\mathversion{bold}\theenumiii.}}
\renewcommand\labelenumiv{%
  \textcolor{darkgray}{\sffamily\bfseries\upshape\mathversion{bold}\theenumiv.}}
\renewcommand\labelitemi{%
  \textcolor[rgb]{0.6,0.6,0.61}{\ifnum\@listdepth=\@ne
                                  \rule{0.67em}{0.33em}%
                                \else
                                  \rule{0.45em}{0.225em}%
                                \fi}}
\renewcommand\labelitemii{%
  \textcolor[rgb]{0.6,0.6,0.61}{\rule{0.45em}{0.225em}}}
\renewcommand\labelitemiii{%
  \textcolor[rgb]{0.6,0.6,0.61}{\sffamily\bfseries\textasteriskcentered}}
\renewcommand\labelitemiv{%
  \textcolor[rgb]{0.6,0.6,0.61}{\sffamily\bfseries\textperiodcentered}}
\renewenvironment{description}
               {\list{}{\advance\partopsep\topsep\topsep\z@\@plus\p@
                        \labelwidth\z@ \itemindent-\leftmargin
                        \let\makelabel\descriptionlabel}}
               {\ifnum\@listdepth=\@ne\global\@nobotseplisttrue\fi\endlist}
\renewcommand*\descriptionlabel[1]{%
  \hspace\labelsep\textcolor{darkgray}{\sffamily\bfseries\mathversion{bold}#1}}
\renewenvironment{abstract}{%
  \vskip\bigskipamount
  \noindent
  \rlap{\color[rgb]{0.51,0.50,0.52}\vrule\@width\textwidth\@height1\p@}%
  \hspace*{7mm}\fboxsep1.5mm\colorbox[rgb]{1,1,1}{\raisebox{-0.4ex}{%
    \large\selectfont\sffamily\bfseries\abstractname}}%
  \vskip3\p@
  \fontsize{9.5}{12.5}\selectfont
  \noindent\ignorespaces}
  {\vskip\baselineskip\noindent
   \subjclassHeading
   \ifx\@subjclass\@empty
     \textcolor{red}{Author: Please fill in \string\subjclass\space macro}%
   \else
     \@subjclass
   \fi
   \vskip\baselineskip
   \noindent\keywordsHeading
   \ifx\@keywords\@empty
     \textcolor{red}{Author: Please fill in \string\keywords\space macro}%
   \else
     \@keywords
   \fi
   \ifx\@hideLIPIcs\@undefined
     \ifx\@DOIPrefix\@empty\else
       \vskip\baselineskip\noindent
       \doiHeading\doi{\@DOIPrefix.\@EventAcronym.\@EventYear.\@ArticleNo}%
     \fi
   \fi
   \ifx\@category\@empty\else
     \vskip\baselineskip\noindent
     \categoryHeading\@category
   \fi
   \ifx\@relatedversion\@empty\else
     \vskip\baselineskip\noindent
     \relatedversionHeading\@relatedversion
   \fi
   \ifx\@supplement\@empty\else
     \vskip\baselineskip\noindent
     \supplementHeading\@supplement
   \fi
   \ifx\@funding\@empty\else
     \vskip\baselineskip\noindent
     \fundingHeading\@funding
   \fi
   \ifx\@acknowledgements\@empty\else
     \vskip\baselineskip\noindent
     \acknowledgementsHeading\@acknowledgements
   \fi}
\renewenvironment{thebibliography}[1]
  {\if@noskipsec \leavevmode \fi
   \par
   \@tempskipa-3.5ex \@plus -1ex \@minus -.2ex\relax
   \@afterindenttrue
   \@tempskipa -\@tempskipa \@afterindentfalse
   \if@nobreak
     \everypar{}%
   \else
     \addpenalty\@secpenalty\addvspace\@tempskipa
   \fi
   \noindent
   \rlap{\color[rgb]{0.51,0.50,0.52}\vrule\@width\textwidth\@height1\p@}%
   \hspace*{7mm}\fboxsep1.5mm\colorbox[rgb]{1,1,1}{\raisebox{-0.4ex}{%
     \normalsize\sffamily\bfseries\refname}}%
   \@xsect{1ex \@plus.2ex}%
   \list{\@biblabel{\@arabic\c@enumiv}}%
        {\leftmargin8.5mm
         \labelsep\leftmargin
         \settowidth\labelwidth{\@biblabel{#1}}%
         \advance\labelsep-\labelwidth
         \usecounter{enumiv}%
         \let\p@enumiv\@empty
         \renewcommand\theenumiv{\@arabic\c@enumiv}}%
   \fontsize{9.5}{12.5}\selectfont
   \sloppy
   \clubpenalty4000
   \@clubpenalty \clubpenalty
   \widowpenalty4000%
   \sfcode`\.\@m}
  {\def\@noitemerr
     {\@latex@warning{Empty `thebibliography' environment}}%
   \endlist}
\renewcommand\footnoterule{%
  \kern-8\p@
  {\color[rgb]{0.60,0.60,0.61}\hrule\@width40mm\@height1\p@}%
  \kern6.6\p@}
\renewcommand\@makefntext[1]{%
    \parindent\z@\hangindent1em
    \leavevmode
    \hb@xt@1em{\@makefnmark\hss}#1}
\usepackage[utf8]{inputenc}
\IfFileExists{lmodern.sty}{\RequirePackage{lmodern}}{}
\RequirePackage[T1]{fontenc}
\RequirePackage{textcomp}
\RequirePackage[mathscr]{eucal}
\RequirePackage{amssymb}
\PassOptionsToPackage{retainmissing}{MnSymbol}
\AtBeginDocument{\@ifpackageloaded{MnSymbol}%
    {\expandafter\let\csname ver@amssymb.sty\endcsname\relax
     \let\complement\@undefined
     \RequirePackage{amssymb}}{}}
\RequirePackage{soul}
\sodef\textsolittle{}{.12em}{.5em\@plus.08em\@minus.06em}%
        {.4em\@plus.275em\@minus.183em}
\RequirePackage{color}
\definecolor{darkgray}{rgb}{0.31,0.31,0.33}
\RequirePackage[english]{babel}
\RequirePackage[tbtags,fleqn]{amsmath}
\RequirePackage{enumerate}
\def\@enum@{\list{\textcolor{darkgray}{\sffamily\bfseries\upshape\mathversion{bold}\csname label\@enumctr\endcsname}}%
           {\advance\partopsep\topsep
            \topsep\z@\@plus\p@
            \usecounter{\@enumctr}\def\makelabel##1{\hss\llap{##1}}}}
\def\romanenumerate{\enumerate[(i)]}
\let\endromanenumerate\endenumerate
\def\alphaenumerate{\enumerate[(a)]}
\let\endalphaenumerate\endenumerate
\def\bracketenumerate{\enumerate[(1)]}
\let\endbracketenumerate\endenumerate
\RequirePackage{amsthm}
\thm@headfont{%
  \textcolor{darkgray}{$\blacktriangleright$}\nobreakspace\sffamily\bfseries}
\def\th@remark{%
  \thm@headfont{%
    \textcolor{darkgray}{$\blacktriangleright$}\nobreakspace\sffamily}%
  \normalfont % body font
  \thm@preskip\topsep \divide\thm@preskip\tw@
  \thm@postskip\thm@preskip
}
\def\@endtheorem{\endtrivlist}%\@endpefalse
\renewcommand\qedsymbol{\textcolor{darkgray}{\ensuremath{\blacktriangleleft}}}
\renewenvironment{proof}[1][\proofname]{\par
  \pushQED{\qed}%
  \normalfont \topsep6\p@\@plus6\p@\relax
  \trivlist
  \item[\hskip\labelsep
        \color{darkgray}\sffamily\bfseries
    #1\@addpunct{.}]\ignorespaces
}{%
  \popQED\endtrivlist%\@endpefalse
}
\theoremstyle{plain}
\newtheorem{theorem}{Theorem}
\newtheorem{lemma}[theorem]{Lemma}
\newtheorem{corollary}[theorem]{Corollary}
\theoremstyle{definition}
\newtheorem{definition}[theorem]{Definition}
\newtheorem{example}[theorem]{Example}
\theoremstyle{remark}
\newtheorem*{remark}{Remark}
\ifx\numberwithinsect\relax
  \@addtoreset{theorem}{section}
  \expandafter\def\expandafter\thetheorem\expandafter{%
    \expandafter\thesection\expandafter\@thmcountersep\thetheorem}
\fi
\RequirePackage{graphicx}
\RequirePackage{array}
\let\@classzold\@classz
\def\@classz{%
   \expandafter\ifx\d@llarbegin\begingroup
     \toks \count@ =
     \expandafter{\expandafter\small\the\toks\count@}%
   \fi
   \@classzold}
\RequirePackage{multirow}
\RequirePackage{tabularx}
\RequirePackage[online]{threeparttable}
\def\TPTtagStyle#1{#1)}
\def\tablenotes{\small\TPT@defaults
  \@ifnextchar[\TPT@setuptnotes\TPTdoTablenotes} % ]
\RequirePackage{listings}
\lstset{basicstyle=\small\ttfamily,%
        backgroundcolor=\color[rgb]{0.85,0.85,0.86},%
        frame=single,framerule=0pt,xleftmargin=\fboxsep,xrightmargin=\fboxsep}
\RequirePackage[left,mathlines]{lineno}
\linenumbers
\renewcommand\linenumberfont{\normalfont\tiny\sffamily}
%%%% patch to cope with amsmath
%%%% http://phaseportrait.blogspot.de/2007/08/lineno-and-amsmath-compatibility.html
\newcommand*\patchAmsMathEnvironmentForLineno[1]{%
  \expandafter\let\csname old#1\expandafter\endcsname\csname #1\endcsname
  \expandafter\let\csname oldend#1\expandafter\endcsname\csname end#1\endcsname
  \renewenvironment{#1}%
     {\linenomath\csname old#1\endcsname}%
     {\csname oldend#1\endcsname\endlinenomath}}%
\newcommand*\patchBothAmsMathEnvironmentsForLineno[1]{%
  \patchAmsMathEnvironmentForLineno{#1}%
  \patchAmsMathEnvironmentForLineno{#1*}}%
\AtBeginDocument{%
  \patchBothAmsMathEnvironmentsForLineno{equation}%
  \patchBothAmsMathEnvironmentsForLineno{align}%
  \patchBothAmsMathEnvironmentsForLineno{flalign}%
  \patchBothAmsMathEnvironmentsForLineno{alignat}%
  \patchBothAmsMathEnvironmentsForLineno{gather}%
  \patchBothAmsMathEnvironmentsForLineno{multline}}
\RequirePackage{lastpage}
\IfFileExists{doi.sty}
  {\RequirePackage{doi}%
   \renewcommand*{\doitext}{}}
  {\RequirePackage{hyperref}%
   \def\doi##1{##1}}
\hypersetup{pdfborder={0 0 0}}
\RequirePackage[labelsep=space,singlelinecheck=false,%
  font={up,small},labelfont={sf,bf},%
  listof=false]{caption}%"listof" instead of "list" for backward compatibility
\@ifpackagelater{hyperref}{2009/12/09}
  {\captionsetup{compatibility=false}}%cf. http://groups.google.de/group/comp.text.tex/browse_thread/thread/db9310eb540fbbd8/42e30f3b7b3aa17a?lnk=raot
  {}
\DeclareCaptionLabelFormat{boxed}{%
  \kern0.05em{\color[rgb]{0.99,0.78,0.07}\rule{0.73em}{0.73em}}%
  \hspace*{0.67em}\bothIfFirst{#1}{~}#2}
\captionsetup{labelformat=boxed}
\captionsetup[table]{position=top}
\RequirePackage[figuresright]{rotating}
\caption@AtBeginDocument{\@ifpackageloaded{subfig}{\ClassError{lipics}{%
  Do not load the subfig package}{The more recent subcaption package is already loaded}}{}}
\RequirePackage{subcaption}
\usepackage{xstring}
\newcommand\ccsdesc[2][100]{\StrSubstitute{#2}{~}{ $\rightarrow$ }}
\def\titlerunning#1{\gdef\@titlerunning{{\let\footnote\@gobble\markboth{#1}{#1}}}}
\def\authorrunning#1{%
  \gdef\@authorrunning{\markright{\if!#1!\textcolor{red}{Author: Please fill in the \string\authorrunning\space macro}\else#1\fi}}}
\titlerunning{\@title}
\authorrunning{\textcolor{red}{Author: Please use the \string\authorrunning\space macro}}
\def\EventLongTitle#1{\gdef\@EventLongTitle{#1}}
\EventLongTitle{}
\def\EventShortTitle#1{\gdef\@EventShortTitle{#1}}
\EventShortTitle{}
\def\EventEditors#1{\gdef\@EventEditors{#1}}
\EventEditors{}
\def\EventNoEds#1{\gdef\@EventNoEds{#1}\xdef\@Eds{Editor\ifnum#1>1s\fi}}
\EventNoEds{1}
\def\EventLogo#1{\gdef\@EventLogo{#1}}
\EventLogo{}
\def\EventAcronym#1{\gdef\@EventAcronym{#1}}
\EventAcronym{}
\def\EventYear#1{\gdef\@EventYear{#1}}
\EventYear{}
\def\EventDate#1{\gdef\@EventDate{#1}}
\EventDate{}
\def\EventLocation#1{\gdef\@EventLocation{#1}}
\EventLocation{}
\def\SeriesVolume#1{\gdef\@SeriesVolume{#1}}
\SeriesVolume{}
\def\ArticleNo#1{\gdef\@ArticleNo{#1}}
\ArticleNo{}
\def\DOIPrefix#1{\gdef\@DOIPrefix{#1}}
\DOIPrefix{10.4230/LIPIcs}
\let\orig@author\@author
\let\@authorsfortoc\@empty
\newcount\c@author
\def\@authornum{0}
\def\author#1#2#3#4#5{%
  \ifx\@author\orig@author\let\@author\@empty\fi
  \g@addto@macro\@author{%
    \addvspace{0.5\baselineskip}%
    {\Large\bfseries
     \if!#1!%
       \textcolor{red}{Author: Please enter author name}%
     \else
       #1%
       \if!#5!\else\footnote{#5}\fi
     \fi
     \par}\nobreak
    \if!#2!\textcolor{red}{Author: Please enter affiliation as second parameter of the author macro}\else#2\fi
    \if!#3!\else\\*\href{mailto:#3}{#3}\fi
    \if!#4!\else\\*\href{#4}{\lower2\p@\hbox{\includegraphics[height=10\p@]{orcid}}\;#4}\fi
    \par\nobreak}%
  \global\advance\c@author\@ne
  \protected@write\@auxout{}{\string\gdef\string\@authornum{\the\c@author}}
  \ifnum\c@author=\@ne
    \gdef\@authorsfortoc{#1}%
  \else
    \expandafter\g@addto@macro\expandafter\@authorsfortoc\expandafter{\expandafter\csname\the\c@author authand\endcsname#1}%
    \@namedef{\the\c@author authand}{,\space}%
    \AtBeginDocument{%
      \expandafter\ifnum\@authornum=2
        \@namedef{2authand}{\space and\space}%
      \else
        \@namedef{\@authornum authand}{,\space and\space}%
      \fi}
  \fi}
\newcommand*\affil[2][]{%
  \ClassError{lipics}
    {Deprecated: Please enter affiliation as second parameter of the author macro}
    {Since 2017, \string\affil\space is obsolete in lipics.}}
\newcommand*\Copyright[1]{%
  \def\@Copyright{%
    \setbox\@tempboxa\hbox{\includegraphics[height=14\p@,clip]{cc-by}}%
    \@rightskip\@flushglue \rightskip\@rightskip
    \hangindent\dimexpr\wd\@tempboxa+0.5em\relax
    \href{http://creativecommons.org/licenses/by/3.0/}%
         {\smash{\lower\baselineskip\hbox{\unhcopy\@tempboxa}}}\enskip
    \textcopyright\ %
    \ifx!#1!\textcolor{red}{Author: Please fill in the \string\Copyright\space macro}\else#1\fi
    ;\\%
    licensed under Creative Commons License CC-BY\ifx!#1!\\\null\fi\par}}
\Copyright{\textcolor{red}{Author: Please provide a copyright holder}}
\def\hideLIPIcs{\let\@hideLIPIcs\relax}
\def\keywords#1{\def\@keywords{#1}}
\let\@keywords\@empty
\def\keywordsHeading{%
  \textcolor{darkgray}{\fontsize{9.5}{12.5}\sffamily\bfseries
                       Keywords and phrases\enskip}}
\def\subjclass#1{\gdef\@subjclass{#1}}
\let\@subjclass\@empty
\def\subjclassHeading{%
  \textcolor{darkgray}{\fontsize{9.5}{12.5}\sffamily\bfseries
                       2012 ACM Subject Classification\enskip}}
\def\doiHeading{%
  \textcolor{darkgray}{\fontsize{9.5}{12.5}\sffamily\bfseries
                       Digital Object Identifier\enskip}}
\def\category#1{\def\@category{#1}}
\let\@category\@empty
\def\categoryHeading{%
  \textcolor{darkgray}{\fontsize{9.5}{12.5}\sffamily\bfseries
                       Category\enskip}}
\def\relatedversion#1{\def\@relatedversion{#1}}
\let\@relatedversion\@empty
\def\relatedversionHeading{%
  \textcolor{darkgray}{\fontsize{9.5}{12.5}\sffamily\bfseries
                       Related Version\enskip}}
\def\supplement#1{\def\@supplement{#1}}
\let\@supplement\@empty
\def\supplementHeading{%
  \textcolor{darkgray}{\fontsize{9.5}{12.5}\sffamily\bfseries
                       Supplement Material\enskip}}
\def\funding#1{\def\@funding{#1}}
\let\@funding\@empty
\def\fundingHeading{%
 \textcolor{darkgray}{\fontsize{9.5}{12.5}\sffamily\bfseries
                      Funding\enskip}}
\def\acknowledgements#1{\def\@acknowledgements{#1}}
\let\@acknowledgements\@empty
\def\acknowledgementsHeading{%
 \textcolor{darkgray}{\fontsize{9.5}{12.5}\sffamily\bfseries
                      Acknowledgements\enskip}}
\endinput
%%
%% End of file `lipics-v2018.cls'.






