The diamond lemma for free modules

Cyrille Chenavier

Université Paris-Est Marne-la-Vallée

Abstract

We study rewriting systems over free modules, that is linear combinations of free gen-
erators with noninvertible coefficients. We provide a sufficient condition in terms of local
confluence restricted to generators for the global rewrite relation to be confluent: this con-
dition is formulated in terms of syzygies. When the coefficients belong to a domain, we
equip the set of syzygies with a module structure, which provides a finer criterion: the
local confluence has to be checked over a subset of syzygies, namely a generating set for
the module structure.

1 Introduction

The diamond lemma for noncommutative polynomials was introduced by Bergman [4] for com-
puting normal forms in noncommutative algebras using rewriting theory. The diamond lemma
together with the works of Bokut [5] gave birth the theory of noncommutative Grobner bases [7].
The latter provides applications in various areas of noncommutative algebra: study of embed-
ding problems, this was the motivation of Bokut and Bergman, homological algebra [1, 6] or
Koszul duality [2, 3], for instance.

The diamond lemma is based on the observation that the set of noncommutative polyno-
mials admitting a unique normal form is a vector space. Hence, the set of noncommutative
monomials being a linear basis of noncommutative polynomials, it is sufficient to check the
local confluence property over these monomials. The diamond lemma asserts that when the so
called overlapping/inclusion ambiguities (which correspond to critical pairs for term rewriting)
are joinable, then every monomial admits a unique normal form, so that the global rewrite
relation is confluent.

In this work, we are interested in the study of linear combinations of monomials where
the coefficients in these combinations do not form a field. In this framework, elements with
a unique normal form do not form a subspace anymore: consider for instance a rewrite rule
2y —> =z, where the coeflicients belong to the ring of integers Z. Since 2 is not inverible in Z,
the monomial y is a normal form but y +y = 2y is not a normal form! This observation has
the following consequence: a rewrite relation such that every monomial admits a unique normal
form has no reason to be confluent. For instance, consider the two rewrite rules 2y — —=x
and 2r — —y. Then, one can show that for every n € Z, nx and ny admit a unique normal
form, but 2z + 2y rewrites both in z and y which are not joinable!

In Theorem 4.5, we present an analogous version of the diamond lemma for rewriting sys-
tems over linear combinations with noninveritble coefficients. This work does not concern
noncommutative polynomials but the more general case of free left module (formal definitions
are given at the beginning of the next section): we do not take into account the structure of
monomials. The adaptation of the criterion of Theorem 4.5 to noncommutative polynomials
with noninvertible coefficients is a further work. Two other further works should be mentionned
there: when the coefficients are Z, the underlying module structure is the one of abelian groups,
so that we wish to develop rewriting theory in this context. Another perspective is the study
of the case where monomials are terms of the A-calculus, which is the framework of algebraic
A-calculus [8].



2 Rewrite systems over free left modules

Throughout the paper, we fix a not necessarily commutative ring R and a set X. We denote by
RX the free left module over X, that is the set of finite formal linear combinations of elements
of X with coefficients in R. Given such two elements f = > r,z and g = Y s,z, the sum
f+gisequal to Y (r; + s;)z and the left product of r € R with f is equal to Y (rr,) z,
where rr, is the product of » and r,, in R.

A set Z of rewrite rules over RX is said to be left-monomial if its elements are of the form
re — f, where r, x and f belong to R, X and RX, respectively. Our first objective is to
extend & into a rewrite relation on RX, still written —, in such a way that the congruence
relation induced by — is the left ideal generated by Z. In other words, we want to have the
following equivalence:

f s g = f-g=) stz—]), (1)

with the sum over a finite set of indexes (s, re — f) € R x %. For that, we choose repre-
sentatives for every left class modulo 7, so that every element s € R admits a decomposition
r1r+ro where rs is the chosen representative of the left class of s. The rewrite relation induced
by Z is defined by

(rir+re)xz + g — rf + rex + g, (2)

where = belongs with a zero coefficient in the decomposition of g. The rewrite relation (2)
satisfies the equivalence (1).

Example 2.1. When the ring R is left euclidean, we choose the representatives of left classes as
the set of remainders for the euclidean division. Here, we present the explicit description of the
rewrite relation for two examples of euclidean rings: the ring of integers Z and a commutative
field K. Consider a rewrite rule nt — f over ZX and an integer m. By euclidean division,
m is equal to gn 4+ r. Then, mz + ¢ rewrites into ¢f + rz + g. A commutative field K is an
euclidean ring where the euclidean division of p by Ais u = (u/A) A. Then, the rewrite rule
Ar — f induces the rewrite step uyz + g — (/A f + g.

3 Compatible termination order

In the next section, we formulate the diamond lemma for rewrite relations over RX induced by
a left-monomial set of rewrite rules %Z. For that, we assume that the rewrite relation induced
by Z satisfies the following hypothesis:

Vire — f,h) € ZxRX, re+h | f+h, (3)

where f | g means that f and g are joinable. Moreover, we also need that the rewrite relation
is equipped with a compatible termination order defined in Definition 3.1. In this definition we
use the following notation: given f € RX, we denote by supp (f) the set of elements of X
which belong to the decomposition of f with nonzero coefficient.

Definition 3.1. A termination order compatible with % is a is a well-founded order < over
R X such that for every f, g, h € RX and every a, b € R the following conditions are
satisfied:

i.if f — g, theng <X f,



ii. if g < f and supp (h) Nsupp (f) = 0, theng+h <X f+h,

ii. if f < ax,g 2 byand ax +by # 0, then f+g =< azx+ by,

iv. if f < az and ab # 0, then bf =< (ba)x.

Example 3.2. Assume that that for every ra — f € %, x does not belong to supp (f).
Then, one can show that % satisfies (3). Moreover, assume that X is equipped with a well-
founded order <. Then, we define the order on RX, still written <, as the restriction of the
multi-set order to finite subsets of X: we have g < h if supp (g) Nsupp (h) # ( and for every
x € supp (g) such that ¢ supp (h), there exists y € supp (h) such that y ¢ supp (¢g) and
x < y. Then, we can show that =< is compatible with Z.

The diamond lemma presented in the next section concerns rewrite systems satisfying the
hypothesis (3) and equipped with a compatible termination order. In the sketch of proof of the
diamond lemma, we we use Lemma 3.3. We need the following definition: given f € RX, we
say that the rewrite relation — is locally confluent at f if for every g, h, k € RX such that
g =< fih < fik < f,g — handg — k,wehave h | k.

Lemma 3.3. Assume that Z is equipped with a compatible termination order and satisfies the
hypothesis (3) and that — is locally confluent at f. For every fi, fo, g1, go =< [ such that
fi 1 g1 and f2 | g2, and for every r € R, we have fi + f2 | g1 +g2 andrf1 | rg1.

4 The diamond lemma

The diamond lemma [4] gives a criterion for testing local confluence over so called critical pairs.
In Corollary 4.5, we formulate the diamond lemma for rewriting systems over free modules,
which consists in testing local confluence for generating sets of syzygies. These generating sets
are analogous to critical pairs in our framework.

Definition 4.1. Let p = (ra — f, st — g) be a pair rewrite rules whose left-hand side
are multiple of a common element x. A syzygy of p is a tuple (r1, ra, s1, S2) of elements
of R such that ro and sy are the chosen representatives of their left classes modulo r ans s,
respectively, and r17 +r9 = 815+ s2. The set of syzygies of p is written syz (p). Moreover, a
syzygy (r1, r2, S1, S2) is said to be confluent if we have r1f +rex | s19 + s22.

Theorem 4.2. Let Z be a left-monomial set of rewrite rules satisfying hypothesis (3) and let
=< be a termination order compatible with —. The rewrite relation — is confluent if and only
if for every pair of rewrite rulesp = (re — f, sx — g), every syzygy of p is confluent.

Sketch of proof. Let (r1, 72, s1, s2) € syz(p). Letting h = (rir+ro)x = (s18+ s2) z, we
observe that h rewrites into r1 f + rox and s19 + sox, which shows the direct implication.

Assume that forevery p = (r&e — f, sx — g) and for every (r1, r2, $1, $2) € syz(p),
we have r1f +rox | s19+ sox and let us show that — is confluent. The rewrite relation —
is terminating by definition of compatibility with a termination order, so that it is sufficient to
show that it is locally confluent, or equivalently that is locally confluent at u for every u. We
show the latter by induction on u: assume that — is confluent at every v =< w and that two
rewrite rules re — f and sy — ¢ apply to u. Two cases have to be investigated according
tox # yorx = y for proving that these two rewrite rules provide joinable terms.



First, if x # y, welet u = (rir+ro)x + (s15+ s2)y + h and we have the following
confluence diagram:

rif+rex+(sis+s2)y+h

/ /\ BN

(rr+mr)z+ (s1s+s2)y+h rif +rox+ 819+ sex +h n

(rmr+ry)x+sig+sy+h *

The term f’ (respectively ¢') and the two arrows coming to f’ (respectively ¢’) exist by hy-
pothesis (3). By definition of a compatible rewrite order, we have ry f +rox + s19+ sex +h =<
(rir+12) z+ (s18 + s2) y+ h, so that — is confluent at r; f +rox + s19+ sox + h by induction
hypothesis, which gives h’ and the two arrows coming to h'.

Itz = y,welet u = (mr+r)z+h = (s15+s2)2x + h and we have the following

confluence diagram:
/ "L+ raw b *

(rir+m)z+h = (s1s+s2)x+h h +h
The tuple (r1, 7o, s1, 52) is a syzygy, so that there exists h’ such that rif +rox — h' +—
s1g + sox. By definition of a compatible termination order, A’ + k', r1 f +rox and s1g + sax are

smaller than u. The existence of f’ and ¢’ together with their coming arrows are consequences
of Lemma 3.3. The existence of h” and its coming arrows are due to the induction hypothesis

0

Our diamond lemma asserts that the confluence property has to be checked over subsets of
syzygies instead of all the syzygies in the case where the ring R is a domain, that is rs = 0 if
and only if r = 0 or s = 0. These subsets are generating set for an R-module structure over
syzygies given by the following operations:

\/

\
/

\/

19+ 82y +h -

i. let syzy = (r1, ro, 1, s2) and syz, = (r], rh, s}, sb) be two syzygies of p. We
write ro + 15 = r3r + 74 and sy + s, = 835+ s4. Then, we get a new syzygy
Syz,+s8yz, = (r1+ 7] +7s, r4, s1+ 8, + 83, s4) since we have (ry + 7] +r3)r + 14 =
(ri+r)r + (ro+715) = (s1+51)s + (s2+35) = (s1+8)+s3)s + sa.

ii. Let syz = (r1, 72, $1, S2) be asyzygy of p and let t € R. We write tro = r3r + 74
and tss = s3s + s4. Then, we get a new syzygy tsyz = (try +rs, rq, ts1 + 83, S4)
since we have (tr1 +r3)r+ry = t(rir+re) = t(s1s+s2) = (ts1+83) S+ 4.



Remark 4.3. If R is not a domain, then the element r3 in i. and ii. is not unique, so that
the sum of two syzygies and the product of a syzygy by an element of R is not well-defined.

Lemma 4.4. Assume that R is a domain. Letp = (re — f, sz — g), let syz; =
(ri, re, S1, S2) and syz, = (1], 14, s}, sh) be two confluent syzygies of p and lett € R. If
— is confluent at (r1 + ] +73)r+rs = (s1+ 8| + 83) s+s4 (respectively (trqy +r3)r+ry) =
(ts1 + s3) s+ s4), then syz,; + syz, (respectively tsyz,) is confluent.

Sketch of proof. We only show that the sum of two confluent syzygies syz, + syz, is confluent.
Let h, i € RX such that ry f+rox —— h <— s1g+sexand v f+rhe —— h' <~ s\ g+she.
Lettingt = (r1+ 7] +7r3)r+7ry = (s1+ 8} + s3) s + s4, we have the following diagram:

(ri4+7+7r3) f+raz .

\

(s1+ 8] +83) g+ sax *

The elements hq, ho and their coming arrows are constructed using hypothesis (3). The
elements hs and hy and their coming arrows are constructed using that — is confluent at tx
and Lemma 3.3. Finally, using again an inductive argument of confluence, we close the diagram
and deduce that syz; + syz, is confluent.

Using similar arguments, we show that ¢syz; is confluent, which concludes the proof. [

An adaptation of the proof of Theorem 4.2 using Lemma 4.4 provides our diamond lemma,
formulated as follows:

Theorem 4.5. Assume that R is a domain and that for everyp = (re — f, sx — g),
every element of a generating set of syz(p) is confluent. The rewrite relation — is confluent.

Example 4.6. Assume that R is a commutative field K. Foreveryp = Az — f, pz — g),
syz (p) is the vector space spanned by (1/\, 0, 1/u, 0). From Corollary 4.5, —» is confluent if
and only if for every pair of rewrite rules (A\x — f, uz — g¢), we have f/A | ¢/u, which
is equivalent to each x € X admits a unique normal form.
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